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ABSTRACT

Inequalities plays a significant and wide spread role in the evolution of many
fields of mathematics. In the growth of finite difference, integral and differential
equations, there is far-reaching part of inequalities and their explicit estimates. The
field of finite difference and integral inequalities along with explicit estimates have
great efficacy in the study of qualitative properties of solutions of numerous types
of finite difference equations.

Hermite-Hadamard integral inequality is one of the famous inequality used for
harmonically convex functions. By using the concept of harmonically relative
preinvex functions we introduce several new upper bounds of Hermite-Hadamard
type integral inequalities for harmonically relative preinvex functions and their
different types such as s-harmonic preinvex functions, s-harmonic Godunova
Levin functions and harmonic P-preinvex functions.

Chapter 1:
This chapter deals with the introduction, history and background of inequalities.
Chapter 2

In the second chapter, we studied some new upper bounds of Hermite-Hadamard
type inequalities for harmonically convex functions.

Chapter 3:

This chapter deals with several new upper bounds of Hermite-Hadamard type
integral inequalities for harmonically relative preinvex functions and their different

types.



CONTENTS

1 Literature review and Background
1.1 Imtroduction . . . . . . . . . . .
1.1.1 Convex Set . . . . . . . o e
1.1.2 Convex Function . . . . . . . ... ..
1.1.3 Harmonic Convex Set . . . . . . . . . . . ...
1.1.4 Harmonic Convex Function . . . . .. .. .. ... ... ... ......
1.1.5 Relative Convex Function . . . . . . ... ... ... ... ... . ... .
1.1.6 Relative Harmonic Convex Function . . . . . ... .. ... .. ... ....
1.1.7 Invex Set . . . . . . . e
1.1.8 Preinvex Function . . . . . . .. .. ...
1.1.9 Harmonic Invex Set . . . . . . . . ..
1.1.10 Harmonic Preinvex Function . . . . .. .. ... ... ... .. .. .....
1.1.11 Hermite-Hadamard Inequality for Convex Function . . . . . .. .. ... ..
1.1.12 Hermite-Hadamard Inequality for Harmonically Convex Function . . . . . .
1.1.13 Hermite-Hadamard-Noor type Inequality . . .. ... .. ... ... .. ..
1.1.14 Hypergeometric Function . . . . . ... ... ... .. ... ... ...

[« B e e e S L S L N L S L S L L S - . ~ S R L

1.1.15 Beta Function . . . . . . . . . . . ..

2 HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES FOR HAR-
MONICALLY CONVEX FUNCTIONS 7
2.1 Imtroduction . . . . . . . . e

2.2 Main Results . . . . . . . 7

3 HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES FOR HAR-
MONICALLY RELATIVE PREINVEX FUNCTIONS 23
3.1 Introduction: . . . . . . . . . 23



CONTENTS

3.1.1 Relative Harmonic Preinvex Function . . . . ... ... ... ... ... .. 23
3.1.2  s-Harmonic Preinvex Function . . . . ... .. ... ... .. ... .. ... 24
3.1.3 Godunova-Levin Type of s-Harmonic Preinvex Function . . . . . . . .. .. 24
3.1.4 Harmonic P-preinvex Function . . . . .. .. ... ... ... .. .. ..., 24
3.1.5 Condition C. . . . . . . .. 25
3.1.6 Hermite-Hadamard Inequality for Harmonic Preinvex Function . . . . . . . 25
3.1.7 Hermite-Hadamard Inequality for Relative Harmonic Preinvex Function . . 25
3.1.8 Hermite-Hadamard Inequality for s-Harmonic Preinvex Function . . . . . . 25

3.1.9 Hermite-Hadamard Inequality for s-Harmonic Godunova-Levin Preinvex

Function . . . . . . . . . L 25
3.1.10 Hermite-Hadamard Inequality for Harmonic P-preinvex Function . . . . . . 25
3.1.11 Regularized Hypergeometric Function . . . . . ... .. ... ... ... .. 26
3.1.12 Appell Hypergeometric Function . . . . . .. .. ... ... .. ... .... 26
3.1.13 Riemann-Liouville Integrals . . . . . . .. ... ... ... ... .... 26

3.2 Main Results . . . . . . . 26




CHAPTER 1

LITERATURE REVIEW AND
BACKGROUND

1.1 Introduction

The beginning of the theory of convexity can be traced back to the end of 19" century. In this
time and with emergence of calculus the touch of inequalities seemingly became essential. Con-
vexity and generalized convexity play fundamental role in mathematical economics, engineering,
management sciences and optimization theory. Consequently, the research on convexity and gen-
eralized convexity is one of the most significant aspects in mathematical programming. The theory
of convexity has been extended in numerous directions using advanced ideas and techniques [31].
It plays an important role in other fields of mathematics: complex analysis, functional analysis,
discrete mathematics, calculus of variations, partial differential equations, graph theory, algebraic
geometry, coding theory and many other areas. Several inequalities have been obtained for convex
function but a very well-known is the Hermite-Hadamard inequality.

Hermite-Hadamard inequality was discovered by Ch. Hermite [10] in 1883 and rediscovered by
J. Hadamard [8] in 1893. Hermite-Hadamard inequalities for convex functions and their several
forms exist in literature [1, 6, 15, 18, 21, 29].

The generalization of convexity is the invexity, many researchers have done work on it. Hanson
[9] investigate and introduced the invex functions. Ben-Israel and Mond [5] worked on invex set
and preinvex functions. Pini [32] investigated another class of generalized invex functions, named
as preinvex functions. Mohan and Neogy [14] established some properties of generalized preinvex
functions. Noor [26] introduced some Hermite-Hadamard type inequalities for preinvex functions.
Various integral inequalities for preinvex functions have been established recently, see [26]. Iscan

[7] introduced the concept of harmonically convex functions.
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Noor et. al. [22] investigate a class of preinvex functions with respect to an arbitrary function h,
which is said to be relative preinvex functions. He also introduced the class of relative harmonic
functions with respect to an arbitrary nonnegative function h and established a innovative class of
convex function with respective to an arbitrary nonnegative function h, which is known as relative
harmonic preinvex functions [27]. We also obtain divers classes of harmonic convex and harmonic
preinvex functions such as Breckner type of s-harmonic preinvex functions, Godunova levin type
of s-harmonic preinvex functions and harmonic P-preinvex functions.

Now we recall some basic results and concepts [26, 30].

1.1.1 Convex Set

A set J € R™ is known as convex set, if

I—-tym+tned, tel0,1], Vm,nelJ

1.1.2 Convex Function
Let J C R™ be convex set, A function f: J — R is known as convex, if

f(A=t)ym+1tn) <1 —t)f(m)+tf(n), t€[0,1], Ym,nec (1.1)
By changing the sign of inequality it becomes a concave function.

Remark 1 Ift = in (1.1), then we get

! (m;n> < f(m);f(n)

which is known as Jensen convex function.

1.1.3 Harmonic Convex Set

A set J C R\ {0} is known as harmonic convex set, if

M e tel0,1], Ymne .l
(I—t)m+tn
1.1.4 Harmonic Convex Function

A function f:J CR\ {0} — R is known as harmonic convex function, if

f<@_ﬂm+m>SﬁW)Hltﬁm%temu,vmnel

1.1.5 Relative Convex Function

A function f: J C R — R is known as relative convex function with respect to arbitrary function

h, where h : [0,1] C I — R is a non-negative function, if
f(A=t)m+1tn) <h(l—t)f(m)+h(t)f(n), t€][0,1], Vm,n e J

Remark 2 If h(t) =t, then the relative convex function becomes convex function.
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1.1.6 Relative Harmonic Convex Function

A function f:J CR\ {0} — R on harmonic convex set J is known as relative harmonic convex
function with respect to arbitrary function h, where h : [0,1] C I — R is a non-negative function,

if

I <(1—t)m—|—tn) <h@)f(m)+h(l—2t)f(n), t€]0,1], Vm,n e J.

1.1.7 Invex Set

Assuming that J be a non-empty closed set in R™, let n(.,.) : J x J — R™ be a continuous

bifunction. Then J is known as invex with respect to 7(.,.), if
m+tn(n,m) e J, t€[0,1], Vm,n e J

Remark 3 If n(n,m) = n —m, then invex set J becomes convex set. Clearly, every convez set is

an invex set but the converse is not true.

1.1.8 Preinvex Function

Let J C R™ be invex set, A function f : J — R is known as preinvex with respect to bifunction
n(.,.), if

fm+tnn,m)) < (1 —t)f(m)+tf(n), te€l0,1], ¥Ym,ne.

1.1.9 Harmonic Invex Set

A set K = [m,m+n(n,m)] C R\ {0} is known as harmonic invex set with respect to the bifunction

n(.,.), if
m(m + n(n,m))
m+ (1 —t)n(n,m)

eK, t€|0,1], Vm,ne€ K.

Remark 4 If n(n,m) = n — m, then harmonic invex set K becomes harmonic convex set. So,

every harmonic set is an invex set but the converse is not true.

1.1.10 Harmonic Preinvex Function

A function f : K = [m,m +n(n,m)] CR\ {0} — R is known as harmonic preinvex function with
respect to bifunction 7(.,.), if

m(m + n(n,m))
/ (m + (1 —=t)n(n,m)

> <@A—=t)f(m)+tf(n), tel0,1], Vm,nec K.

1.1.11 Hermite-Hadamard Inequality for Convex Function

A function f : J C R — R is convex function on J = [m,n] if and only if , f satisfies the

inequality

f<m+n)< 1 /nf(x)dng(m)+f(n).

2 n—mJj, 2

which is known as Hermite-Hadamard inequality for convex function.
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1.1.12 Hermite-Hadamard Inequality for Harmonically Convex Func-
tion

A function f : J C (0,00) — R is harmonically convex function on the interval J = [m,n] and

f € Lm,n], where m,n € J with m < n, if and only if , f satisfies the inequality

2y < [ Ay, o S 4 r)

which is known as Hermite-Hadamard inequality for harmonically convex function.

1.1.13 Hermite-Hadamard-Noor type Inequality

A function f is prinvex function if and only if, f satisfies the inequality of the type V¥ m,n €

[m,m +n(n, m)]

2m + n(n,m) 1 mn(nm) f(m) + f(n)
f( > )Snmmw/. flaydr < ==

which is known as Hermite-Hadamard-Noor inequality .

Remark 5 If n(n,m) = n—m, then the Hermite-Hadamard-Noor inequality becomes the Hermite-

Hadamard inequality for convex function.

1.1.14 Hypergeometric Function

The o F[r, s, t, x] is hypergeometric function which is shown as follows

oo
oFy[r, s, t,x] = Z

’
p=0 By p'

lz] <1

It is not defined if ¢ equals a non-positive integer. Here (v), be Pochhammer symbol, which is
given by

17
W)= v(v+1)..(v+p—1), p>0

p=20

1.1.15 Beta Function

The beta function is special function, also known as the Euler integral of the first kind is denoted

as

1
B(m,n) = / 2™ = )"y =
0

;. where m,n are real numbers.




CHAPTER 2

HERMITE-HADAMARD TYPE
INTEGRAL INEQUALITIES FOR
HARMONICALLY CONVEX
FUNCTIONS

2.1 Introduction

The Hermite-Hadamard is most well-known inequalties related to integral mean of convex functions.
The concept of convexity for functions have been generalized and extended in many directions and
in multiple forms, a wide range of generalizations have been established within the literature using
concept of convexity.

Imdat Iscan [7] worked on defination of harmonically convex function and also gave the Hermite-
Hadamard inequality for harmonically convex function. Further, Aslam Noor [18, 21] and Amer
Latif [11, 12] established some new results in this direction to our best knowledge. Now, we derive

some Hermite-Hadamard type inequalities for differentiable harmonically convex functions.

2.2 Main Results

Lemma 1 ./30] Assuming that f: M = [u,v] C (0,00) — R is differentiable on M° = (u,v) of
M. If f € Li[u,v], u,v in M with u < v, and \,« € [0,1], then the following equality holds for
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t €10,1] and Ay = (1 — t)u + tv, we have

¥ynavn) = (1= M)+ arf(w)} - 0= 0 () - 2 [

— wvfu—v) Uo tA:;Af (At>dt /11at_<1+/i(2a ) 4 (Ai) dt]_

Proof. Let

i r— /ol_a (=g ((1 i tv)

uv(vlf ) [(t —aNf ((1;2“@) :‘“ B /01—"‘ / ((1 e tv) dt]

= e (0 e (5 Jrenrt )‘/ol_;(u—gzu ) en
Now, let
[ )

t—(1+Ma—-1 —uv(v—u) ((1-tu+tv)?

- ‘/ =5 o e aP o ((1—5Z+tv)‘”
e ()
o) IREC ”)df(u i)
- ‘uvwlu)lt‘““(“ 1 (e )‘ (e u+t)]
- [—{(—a>+A<l i ( A)
- [ (52 ]
1) an

wv(v —u)
d (2.2), we have

Adding Equations (2.

1

Ui\ o,u,v) = —

wo(v —u) [{(1 @)= ad— (—a)=A(1 - a)}f(A >+ AL = a)f(u)

+a)\f(v)—/01_af<1 tu+t) f(( tqut) ]
:—uv(vl_u){k{(l— u) +af(v)}+ (1~ )\f(A )

_/olf<(1—;1;+t )dt} (2.3)

) B uv(v—
Setting © = F—ji77 so that dv = =5, ) dt

For 0 <t <1, we have v <t < u and hence (2.3) becomes
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A, v—u 2

= w(u—v) [/Ol_a tzah ;;‘Af’ (ZZ) dt—i—/li ikt *Afga —) <f‘£) dt} .
Remark 6 (a) IfA=0, a= %, then Lemma 1 reduces to the following result
uv uv Y flx), Tt , [ uv Yit-1),, (uw
/ (A) -t ), e “”(“‘“Uo ar’ (%) d”/; ! ()
2uu uv Cf(x) Tt , [(uv Yt-1),, (w
1)t [ TR e e [ G (5) o) G ()

s [ ey (2 ) “”(”“)l/oé ae! ()], G ()

2

V(N o, u,v) = )‘{(1_a)f<u)+af(v)}—|—(1_)\)f( uY )_ v /” f(x)dx

(b) If\=1,a= %, then Lemma 1 reduces to the following result

fw)+ f0) / /() [ /% t=% ., (w / (t=1)+3,, (v
— dr = — dt _ dt
2 v—u f, ? 7= wlu=v | Jo A Ay +% Ay / Ay

[ 5t—§,<uv> 1e—2 ,(uv)
= — dt+ — |dt

wv(u — v . Az f 4, ) 1,2 f A,
rors (% — ) ,(uv) /1 (% —t) ,(uv) ]
— |dt+ - — |dt

_/0 At2 f At i At2 J Ay

B YVt —t) [
fuv(v—u)/o QAtQ f<At)dt

Now, we establish some new integral inequalities of Hermite-Hadamard type for harmonically

~

~

=wuv(v—u

~—

convex functions.

Theorem 1 [30] Assuming that f : M = [u,v] C Ry = (0,00) — R is differentiable on the
interior, M° = (u,v) of M where f' € L[u,v] for u,v in M withu < v and 0 < a, X < 1. If | f/|#

is harmonically convex on M for € (1,00) with % + i =1, we have

(@) If ax<1—a <14+ A a-1), then

[Ur(\ a,u,v)] < w(v—u)[(mi(\a,uv)+ mg()\,a,u,v))% {(m7(\, i, u, v)
+ms (A, a,w, )| f (W) + (mo (A, 4, 0) + mag (A, @, u, v))|f(v)[#} 5
+(ms(\, a,u,v) + mg(A, o, u, v))%{(mlg,()\, a,u,v) + myg(A\, o, u,v))

X[ f ()] + (maz (A, 0w, 0) + mas (A, o, u,0) |/ (0)[F3 7],
) If ax<14+XMNa—-1)<1-a, then

W\ o, u,0)] < wolv—u)[(mi(\ a,u,v)+ mg()\,a,u,v))% {(m7(\, @, u,v)
+m8()‘7 a, U, U))|f/(u)|u + (mQ()‘v a, u, U) + mlO()‘v o, u, 1}))|f/(1})|#}%

F(ma(h, e, u,0)) 7 {(maz (A, @, w, o) f ()P A+ maa(h, o, u,0)| f (0)]9) 7],
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() If l—-a<ar<14+Ma-—1), then

(N a,u,v)] < ww(v—u)[(ms(X«, u,v))%{(mn()\, a, u, )| (W) + mia(\, o, u,v)
><|f’(v)|”)}% + (ms(\, oy u,v) + mg()\,a,u,v))%{(mlg,(/\,a,u,v)

+m16()‘7 a, U, U))|f’(u)|“+ (m17(>" a, u, ’U) + mlS()‘7 a, U, U))lf/(v)‘ﬂ}i]

Proof. By using Lemma 1 and power mean integral inequality, we have

000 < o= [ [ G, () aref IR ()
<o [ g5te) () G () )

1

(]

(L= ()

(a) (9) If aX <1—a, then

-« aX 11—«
[t — a / —(t —aX) / t—al
g = vy T —Cdt
/0 (Ar)? o (A)? o (Ar)?

mi(\, a, u,v) + ma(A, o, u,v). (2.6)

“dt)f‘ 2.5

where

—ua + vaX + ulog( oy
mi(A\ a,u,v) = (Clrad)—ved

u(u — v)?
u — uad + va + (v + ua — va) log(v(—1 + a) — ua)
(u—v)2(v + ua — va)
1+ log(u(—1+ aX) — val)
(u—0)?

ma(A\, a,u,v) =

(#i) If aX > 1 — a, then
-« -«
[t — @) / —(t — aX)
————dt = ————=dt = m3z(\, o, u, v). 2.7
A e v L >0
where
u(—=14+ ad) —var + (v(—1+ &) — ua) log(v(—1 + a) — ua)
(u—0)2(v + ua — va)

u(—14 ad) — vai — ulog(—u)
2

ma(A\, o, u,v) =

u(u — v)
(b) () 1+ Aa—1)<1-—a, then

V- +Ma=-1)] P =1+ Aa-1))
/ (A,)2 ‘“‘/1_@ (A,)2

dt = ma(X, o, u,v). (2.8)

where

v+ U\ — v\ — ua + vad + vlog(—v)
2

ma (A, o, u, v) (u—0)

~ U Fud — oA —uad +vad + (v 4 ua —va) log(v(—1 + @) — ua)
(u—v)?(u + va — va)

v
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(6) 14+ AMa—1)>1—a, then

/1 [t — (14 Mo — 1))|dt
11—«

(Ar)?
e - (14 A - 1)) ! t=(1+Ma-1)
B /ka (Ar)? e /1+/\(a1) (Ar)? at
= ms(\, a,u,v) +me(\ a,u,v). (2.9)

where

u(=1+ a)A+v(=1+A—ad) + (v(—1+a) — ua)log(v(—1 + a) — uw)
(u—0)2(v + ua — var)
~l4log(u(=1+a)A+ov(=1+A—aN))
(u—v)?
uX — VA — uad + va + vlog(—v) — vlog(u(—=1 4+ a)A + v(—=1+A—al))

(u —v)?v

ms(\, a,u,v) == —

me(\, a,u,v) =

Since |f/|* for u > 1, where |f’|* be harmonically convex on the interval [u,v], as t € [0,1]

e

hence, by calculation, we get

<tf @+ 1 -0l ()"

(c¢) (4) If ar <1 — @, then

10 |t — o)) (u>
/o @z |7 \a

a _ —a
<f W[tlf’(u)l“ﬂl—t)lf’(v)“]dt

m
dt

+ [ ISR @I+ - 0l e

ro (Ar)?
aX 4 a l—a a
| g [ 3<t>dt] @)
aX oy a l—a «a
+ /O W(l —tdt+ | t(At)j(l t)dt] [ ()]

= [m7()‘7 Q, U, ”U)-f— mg()\7 a7u,v)]|f’(u)|“

+[mo(\, a, u, v)+ mig(\, a, u, v)]| £ (v) | (2.10)
where
2(—u+v)aX — (u(—2 + a)) —vad)log (WM)
mz(A\, a,u,v) =
(u—v)?
v+ ua —vawar(u(fQJra/\)—va)\) log(v(—14a)— ua)
mg(A,OL,U,’U) = e
(v—wu)?
n (u—v)ad + (—u(—2 + a)) + vad) log(u(—1+ad) —vald)
(v—wu)?
— — log(—
o (A a1, 0) = (v —u)(u+vad) +u(u+v [ ua + vad) log(—u)
u(v — u)?

((u—v) (=14 aX) + (u+ v — uaX + vad) log(u(—1 4+ aX) — vai))
(v —wu)?
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mio(\ o1, v) = _(u—v)(ua +u(—1+2a —a? + a)))
e (u—v)3(v(~1+ @) — ua)
(v(—1+ @) — ua)(u + v — ua + vad) log(v + ua — va)
(u—0)3(v(-14+ @) —ua)
—(u—v)(=14+aN)+(u(—14+ aX) —v(1+ a))) loglu —uar+ vad)
(u—wv)?

+

(i7) If aX > 1 — a, then

AlaﬁA> f(i)

< / - )[tlf'(U)l“ + (1 =) f (v)]dt
0

m
dt

FhE
B 11—« (t ) B 11—« *(t*Oé)\) B , ; B
- [ SaEearwr s [ =S a - nare)
= v asu o)l @ +mis a0l P ) (211)

where
v+ua—va + W—F(u(—%ka)\)—vou\) log(v(—14+a) — ua)
(u—wv)?

((u —v)a + (u(—2+aX) — val) log(—u))
(u—wv)?

vtua— va— %—i— (u(=14+aX) v(1+a)M)log(v(—1+a) —uw)
(v—wu)?

—(u —v)(u +vaX) + u(u + v — ua + ual) log(—u)
u(v —u)3

[ ()
[N Dl g+ 0 -
= [ e D

wf N
= O ) )+ mus(h 0w ) @) (212)

mi1 (A, o, u,v) =

mig(A\, o, u,v) =

+

(d) (i) 1+ AMa—-1)<1-aq, then

m

D) dt

\.//_\ VA

a—1)|
2

IN

where

—(u—v)(—v4+u(=14+a)A) + v(u+ v+ ur— VA— uar+ val) log(—v)
(u—v)3v
((u—v)(=v(=1+ )’ +ula® = A+ a))))
(v + ua — va)(u — v)3
N (u(=1+ (=14+ a)A) +v(=14+ X —aX))loglv(—-1+ a) — ua]

mis(A, o, u,v) =

+

(u—0)?
—(u—v)(=14+a) A+ (—u(=1+a)A+v(2+ (=14 a)N))log(—v
maa(h ayu,v) = — =0 )M+ (—u( wgw (24 ( )A)) log(—v)
v —ua 4t vat v(fu(fl+3rzjr0£v_(i~;(fl+a)/\))
+

(u—wv)?
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—u(—1+a)A+v(24 (-1 4+ a)N) log(v(—1 + @) — ua)
(u—w)?

+

(6) 14+ AMa—1)>1—a, then

/1 It — (1 + Mo —1))]
11—«

m
dt
(A¢)?

, [ uv
! (A>

PAOTY —(t — (L4 M =1D)) T
< [ @)+ (= 0l ()
! t—(1+>\(04—1)) /'LLN _ /’UM
o Tyl (Ll
1+A(a—1) /1y o —
! t—(1+Aa-1)) o
4 / e 8 (t)dt] ()]
1+X(a—1) 4 o —
=) ]
+/1+A(a_1) A2 (1 t)dt} £ (W)
= [mis\,a, u,v)+mig(A, o, w,)] | f () [*
+[mar(\, a, u,v)+mag(A, o, w,w)]| f (v)]*. (2.13)

where

u(u(—1+a) A +v(—=14+A—al))

vHua—va
(u—wv)3
(u(=1+ (-14+ )N+ v(-1+ X —al))
(u—wv)3
% log <u(—1+a))\+v(—1+)\ —ou\))
v(=1+a)—ua
—uU+ v+ uX — v\ — ua +va

v+ ua — va +
mis (Ao, u,v) 1= —

_|_

CEE
 (u=v)(v —u(=1+ a)A) +v(ur —vA —ua + uad+ utv) log(—v)
mie\,o, u,v) == (=)0
(u(=14+(=1+ )N+ v(—1+ A —a)) log(u(—1+a) Mo(—14+ X —al))
' (u=op

1+ (-14+a)N)
(u—v)?

—U —ua +va+

v(—u(—1+a)A+v(14+(—14+a)))

vtua—va
(o)
—udt vAtuar—var  (—u(—1+a)A+v(2+ (=14 a)N))
(u—w)? (u—wv)?
u(=14+a)A +v(—14+X —a))
><log< v(=1+ a) — ux )
(v=—uw)(-1+a)A+ (w24 (—14+ a)A) —u(—1+ a))) log(—v)
(u—wv)?
(—u(=14+a)A+v(2 + (—14+a)N)) log(u(—14+a) A + v(=1 + X —a))
’ (u=0)?

mir(\a, uw) = —

mis(\, o, u,v) 1= —
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—UX + vV + uaA — va
(u—wv)3

By substituting (2.6) to (2.13) in equation (2.5) gives the required result. ad

Corollary 1 [30] Assuming that f : M = [u,v] C Ry = (0,00) — R is differentiable on the
interior, M° = (u,v) of M where ' € L[u,v] for u,v in M with w < v. If |f'|* is harmonically

convex on M for p € (1,00) with % + i =1, then

bu—va/uv @ — f( 2uv )’ < wv(v —u)[w?(/\,u,v){wl(x\,u,v)|f’(u)|“+w2(/\,% V)| f(v)[#}

g (0, 0) ws(h, u, ) |F () [+ wi (A, 0)] ()7} 5.

where

w1\ uwv) = — —3u? + 2uv + v% + u(u + v) log(16) _2u log( %)
) Uy : 2(u —v)3(u +v) (u—v)?

wy( A\ u,v) = — (u—v— (utv)log(—u)) (u=v)*+2(u+v)*log(==)
) U, : (u—v)3 2(u—v)3(u+ )

—3u” + 2uv 4 v — (u +v)?log(4) + 2(u + v)? log(*}*)

it 20— v (u + 1)

wi\u,v) = u? +v? (=3 + log(16)) + uv(2 + log(16))  2vlog(zi)
) Uy : 2(u — v)3(u +v) (u—v)3

ws (A, u,v) = u—v— (u+wv)log(2u) + (u + v) log(u + v)

T (u—v)2(u+v)
we(A, u,v) = —u+ v+ (u+v)(log(—u — v) — log(—2v))

(u—0)2u+0)
Proof. From (2.4), we have

S [ s (228 <o [

By power mean integral inequality, we have

< oo (1 ko) ([ skl 7 )’
() ()]

Since |f/|* for p > 1, where |f’|* be harmonically convex on the interval [u,v] , as t € [0, 1]

" (wrti=m)
=502 |
(Aé@fVﬁ> u<A§£V”VWm“+ﬂ—wVWMH“>“

+<1f ) ( s+ (—ﬂfﬁﬂﬂﬁ>1

()]

(e [

“w

<t f (" + @=L )

< ww(v—u)
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P : Y T (St P Hi
(/0 (At>2dt> (/0 i @l +/0 42 dt|f(v)|>

*(/ _&t_)zl)dty (/ A LI / Wdtlf’(v)l”>1

2

= w(v—u)

wn(v — u)ws (A, u, ) {wn (A, o) ()| + wa(Aw, o) ()}

IN

1

+wg (/\’ u, U){w3(/\’uv U)|f/(u)|# + w4()\,u,v)\f/(v)|”}i].
0

Theorem 2 [30] Assuming that f : M = [u,v] C Ry = (0,00) — R is differentiable on the
interior, M° of M where f' € Llu,v] for w,v in M with u < v and 0 < a,\ < 1. If |f'|* is

harmonically convex on M for p € (1,00), we have

(@) If ax<1l—a <1+ A a-1), then

1
L

{ i|f'<v>|ﬂ})‘
r)l)

(a{|f’(U)|“+ . )]
/ |

()

|\Ilf(A’ a, U, U)| S U’U(U—’U,) (mlg()‘vavuav77)+m20 ()‘7()[’“71}77))% ((1_ Oé)

2=

+(m23(>\7 o, u,v, ’7) + m24()‘7 o, U,v, ’Y))

() If ax<14+MNa—-1)<1-—a, then

1

ilf’(v)l“})“

=)

2

|\Pf(>‘v a, U, ’U)| < uv(v_u) [(mlg ()‘aavuavaly)'i_mQO ()\,a,u,v,'y))% ((1_ a) {

+(m22(x\,0¢,u,v,’y))% (a{|f,(U)|H+ 2]”’(1411“’0) })]

() If l—-a<ar<14+MNa-—1), then

(=)

= f’(v)“})i

2
By \E
4 (L o
+(m23(>\,a7u,v,7)+mg4(>\,a,u,v7v))% (a{|f o 2f<Ala) }) ]

|\I/f()\,a7u,v)\ < U’U(U - u) |;(’rn21()‘7017u’U”Y))'1Y ((1 - Oé) {

Proof. By using Lemma 1 and Hélder’s integral inequality, we get

sl (o 52
o) (o)
+ </11a t—( eri\)(;— 1))7dt>w (/lla

|U £ (X, o, u,v)]

IN

, [ uv
/ (A>

.

IN

i (Z) ' dt) ’ (2.14)
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(a) (1) If aX <1—q, then

-« _ 0
/ [t — ) it
0 (An)>
aA 11—«
(=t 4+ aA)” / (t — a)?
——dt + ———dt
/0 (Ap)> ax  (A)*
= mig(\, o, u,v,7) + mao(\, o, u, v, 7). (2.15)

where

w2 N TG L[, 27,2 4 7, a\ — 292

u
(1+7)
(rHua—va)=? (1—a—a\ T (147) Fi[1,2—7, 2—1—%%]

U — U + v

m19<)‘7 o, U, v, 'Y) =

mao(A, o, u,v,7) =

(i) If aA > 1 — a, then
1—a 11—«
[t — a\|” / (=t + oA
ft—orp (ttaNr , 2.16
/0 (Ag)2 0 (Ag)2 ma1 (A, @, u, v, ) ( )
where
u1727a>\1+72F1[17 2—7,247, %]
(T+9)(u(—=14+ a)A) — var
(v + ua — va)' ) (~Thatad HToFi[1,2-7, 24, SR
(1+7)(u(~1+ad) - vak)

m21()" «, U, v, 7) ==

+

(b) () 1+ Aa—-1)<1-a, then
L=+ Ma-1)| B V- 14+ Ma—-1))
J G = L e
= maa(\ a,u,v,7). (2.17)

—x

where

V172 (=14 )M —a A2 Fi[1,2 = 7,2 + 7, s e e R =)

(14 7)(—u(=1+ a)A) +v(1 + (=1 + @)\
e —A A
(rtua—va)t 27 (A —a(1+ M) Fy [, 2—7, 2+%u(71$:;2\(fv(ji/\)ia/\)}

(1+7)(—u(=14 a)A) + v(1 + (=1 + @)

mQQ()H a, U, v, ’Y) ==

_|_

(6) 14+ AMa—1)>1—a, then

Lt =1+ Ma—1)
e
P (L (A D))
B \/lfa (At)27 dt
! t—1+Aa-1)))
+/1+>\(oz—1) (Ag)2 at
= mas(\ a,u,v,y) + mas(A o, u,v,7). (2.18)

where

(v ua— v0) 21— At AN IR FY[1,2—7, 247, Lt e

T+y)(v+ (—u+v)(=1+a)))

ma3 ()‘7 a, U, v, ’V) =
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T2 (=1 + a)AA —aX) 2 F1[1,2 — 4,2 49,1

RiT= ey e pwryyy

17
ol
m24()\7 a, u,v, FY) =
(c) Consider,
Setting x = %%, so that dt =

ForOStSl—oz, we have

[

dt

14+ (w+ (—u+v)(—=14+a))

(2.19)

11—
/0

ziﬂ“fu) dx.

uv
VETS 7o

and hence (2.19) becomes

s |f ()]
——d
/U IQ *

v / m

_w e,
(v—u) L x

L () () e,
(v—u) \v— 4= L v e x?

Using Hermite-Hadamard’s inequality for relative harmonically convex functions, we have

m
dt

11—«
</0

, [ uv
f(&)

Above Inequality holds for a = 1.

(d) Consider,

'lL U

Setting x = %Y, so that dt =

Forl—aStSl we have Al—

dt

,uv“
f(A)

1
/1vfa

L (v R\ G e
- (v—uw) UA’l“’a 2
A G ()]
 (v—u) 2
B oau+ (1 —a)v—ullf (FE + 1 (v)[#]
N (v—u) 2
- (1a)[|f(,41a)|2+|f()|] (2.20)
1 p
/17 f CZ) dt (2.21)
:Dr"Z'Lju)u)dm

— <2 < u and hence (2.21) becomes

u
Aq

[ e,

uv

@

(v —u) x?

U
(v—u)
U

(v—u)

x2

uv

{u?+(v—u)} . uv
Ai_q A1_q u Al-a ‘f’(x)‘ﬂd
u_ gy u2v T2
Al—a Ao u

Using Hermite-Hadamard’s inequality for harmonically convex functions, we have

dt

VAT AN s
f(&)

1
/1—a

IN

uv

A —u\ [ @)+ (7)1
(UU)< e ) 2

v — Ao I @ + 1 (FE)1M]

(v —u) 2
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v—au—(1—a)(v) (L )+ L (5 1]
(v—u) 2
- a[lf (u)] +|2f(A1u)| ] (2.22)

Above Inequality holds for a = 0.

By substituting (2.15) to (2.18), (2.20), (2.22) in equation (2.14) gives the required result. 0

Corollary 2 [30] Assuming that f : M = [u,v] C Ry = (0,00) — R is differentiable on the
interior, M° of M where f' € Llu,v] for u,v in M with w <v. If | f'|" is harmonically convex on

M for p € (1,00), then

T R (fi> 1

<t grrrgy ) MmOl ol s

|/ ()|} {wa (A, v, )| (@) wio (N, v, )] f (0)[3 ).

where
u2—2n 273120 (y 4+ v) 21 (v — 2up + u(—3 + 2
wrhw v ) = o e =gt | (u—)v)z((l —3u+2u2() !
wg(\,u, v, 1) = 270 (vt u) P (0(3—2p) +u(=142p))  w P (=20(=14p)tu(=1+2p))
) Uy U, (u—0)2(1—3p +242) 2(u—v)?(1-3p+2u2)
i) o P ) = 20) 2 0) 2 (0 = 2o u( =3+ )
Y, 2(u — 0)2(1 — 3 + 2412) (u—0)?(1 = 3p+2u7)
v2—2H 27320 (4 4 )12 ((3 — 2u) + u(—1 + 2p))
W w v k) = o T A sy ) (u—v)*(1 = 3p+2u%)

Proof. From (2.4), we have

o [ () e [ il () o) b ()]

Since | f/|* for p > 1, where |f’|* be harmonically convex on the interval [u,v] , as ¢ € [0, 1], then

(i)

Using Holder integral inequality, we have

e ) e ! (55)

un (v — ) ( / : ﬂdt) ' ( / : @+ (1 - t)lf’(v)l’“‘)dt>
" ( [a- mdty ( [ s - t)|f’<u)*‘>dt> '

w(v —u) (/0 ﬂdt) % </O @dt\f’(u)\” + /0é &t_);) dt|f’(v)|“>

+< / <1—t>7dt>w< [ i+ | &ngdtlf’(v)l“y

1
2 2 2

m

<tff (Wl + A =l ()"

|-

IN

==

IA

-

wio—) (i) MOl @+ o)

IN
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/()3 + {wg (A, v, ) /(@) + wio (A, w, v, )| f (0)[F ]
O

Theorem 3 [30] Assuming that f : M = [u,v] € Ry = (0,00) — R is differentiable on the
interior, M° of M where f' € Lu,v] for u,v in M with u < v and 0 < a, A < 1. If |f'| is

harmonically conver on M, we have
(@) If ax<l—a <14+ MNa-—1), then
[T (N, o, u, )] < wo(v —w)[{(mr(\ a,u,v) + mg(A, o, u,v)) + (mas (A, @, u, v)
+mag(\, o, u, v)) HF (w)] 4+ {(mo (A, o, u, v) + mig (A, o, u,v))
+(m17(>\a o, U, ’U) + mlS()\v a,u, U))}‘fl(v)”
) If ax<14+MNa—-1)<1-—a, then
V(N o, u, )] < wo(v —u)[{(m7(\, o, u,v) + mg(\, a,u,v)) +mis(A, o, u,v)}
| ()] + {(mo(A, a,u,v) +maio(N, o, u,v)) +maa(A, @, u,0) } £ (0)]].
() If l—-a<ar<14+MNa-—1), then
(N o, u,0)] < wolv—uw)[{(mis(A, o, u,v) + mig(A, o, u,v)) + mir (A, o, u,v)}
|f/(u)| + {(m17()\7 a, u, U) + mls()‘7 a,u, U)) + le(Aa «, U, U)}|f’(’l/)”
where the values of mz(A, o, u,v) to mig(A, o, u,v) are defined in Theorem 1.

Proof. By using Lemma 1, we have

map —a)
A2

s = wu o) | [ (o f la o4 o= 1)

Since |f’| be harmonically convex on the interval [u,v] , as t € [0, 1]

)

uv

1 (s )| £ 0+ ol

e < w-w | [ B @l -0l ol

S G G ) [ ,
+/17a (A;)? (tLf ()| + (1 =0)f (U)|]dt:|

[f [ [t —a)| / Pt (4 A —1)| )
wv(v —u) _{/0 (4,2 tdt|f (u)|+/17a (A,)? tdt|f (v)|}
11—« —
S - v w)

Plt= (A4 Me=D)],, ,
+/1 (A,)? (1 —t)dt|f (U)H (2.23)

IN

—x
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(a) (i) If aA <1 —aq, then

Y e (2] 17— a)
= A (4,)? (0@41£A (Ag2amt

AR (e Ul N (e O

= my(\ a,u,v) + mg(\ o, u,v).

and

=t — ) B
[ e

_ al —(t—OZA) B 17&75—0()\ -
_ aX *(f*O{A) l—a t— a\
= | e [ 0

= mg(/\, o, U, 11) + mlo(/\, a, u, ’U).

(#) If aX > 1 — «, then

lalt 1o
J =],

-« _
/ —(t—a)) (t)dt
0

(1 =t)u+tv)?
= mll()\ a,u,v).

and

-« |t O[)\‘ B B 11—« t_@)\
[ ara-ne= | ~ tyde
:/ - t—oz/\ B Ul
0

(1 —t)u+tv)?
= m12()\ a,u,v).

(b) (i) 1+ AMa—-1)<1-a, then

LA —1) [P - (4 A1)
/1_a (A,)? (t)dt = /1—a (A,)? (t)dt

[N t= (14 Ma—1)
_/1 . (@ purmp O
= m13()\,0475aua“)'

and

D=l [P = (4 Aa=1)
/1 (A)? (1 t)dti/l_a (A,)2 (1 —t)dt

_ 1 t—(1+)\(a_1)) B
- /l—a (1 —t)u+tv)? (1—1t)dt
= m14()\,017u7v)'

—x

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)




21 2.2.

Main Results

() 1+ Aa—1)>1—q, then

Vojt— 1+ Ma—1))

/1 (A)? h(t)dt
e (1 M- 1))

B \/lfa (At)2 (t)dt

1 t—(1+ AMa—1))
+/1+A(a_1) (At)2 (t)dt

B HAO=D _ — (14 Ao —1)))
B [%f (1= t)u+t0)?

L (14Aa-1)
*ﬂﬂm4><u—wu+wv(““

= mis(\, a,u,v) + mig(\, a, u, v).

—Q

(t)dt

and

[ ey,

(A4:)?
) /11_-:\(a—1) (- (1(;33 “ ) (1 par
T S
B /11j<a1> (t((l (jt:);\iamzl))) (1— t)dt

(1 =t)u+tv)?

- m17()\,a,u,v) +m18()‘aaauvv)'

! t—(1+Xa-1),
4 /1 s (1— 1)t

By substituting (2.24) to (2.31) in equation (2.23) gives the required result.

(2.30)

(2.31)
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CHAPTER 3

HERMITE-HADAMARD TYPE
INTEGRAL INEQUALITIES FOR
HARMONICALLY RELATIVE
PREINVEX FUNCTIONS

3.1 Introduction:

In the recent years, researchers have motivated and inspired to establish the theory of convex
function in diverse field of applied and pure sciences. Weir and Mond [33] had given a significant
generalization of convex functions by introducing preinvex functions.

Further, established forms have been made by researchers generalizing the harmonic preinvex
functions, relative preinvex functions, relative harmonic preinvex functions, Breckner type of s-
harmonic preinvex functions, Godunova-Levin type of s-harmonic preinvex functions and harmonic
P-preinvex functions [14, 19, 23, 26, 27]. Our aim is to describe several new upper bounds of
Hermite-Hadamard type integral inequalities for relative harmonically preinvex functions and their
variant forms are available in the literature [4, 13, 16, 17, 20, 22, 25, 28].

Now, we recall literature review and background [2, 26, 28, 30, 34].

3.1.1 Relative Harmonic Preinvex Function

Let h : [0,1] € T — R be anon-negative function. A function f: K=[m,m+n(n,m)] C R\ {0} —

R is known as relative harmonic preinvex function with respect to an arbitrary function h and (., .),

23
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if

m(m + n(n,m)) B - . .
f<m+<1_t>n(n,m>><h<1 Bf(m)+h(t)f(n), te0,1], ¥mneK.

Remark 7

. Ift:% , then we get

SRR (o v

which is known as Jensen type relative harmonic preinvez function.
o [f h(t) =t, then relative harmonic preinvex function reduces to harmonic preinvex function.

o If h(t) = t°, then the harmonic preinvexr functions becomes Breckner type of s-harmonic

preinver functions.

o If h(t) = t°, then the harmonic preinvex functions becomes Godunova-Levin type of s-

harmonic preinvex functions.

3.1.2 s-Harmonic Preinvex Function

A function f : K =[m,m+n(n,m)] CR\ {0} — R is known as s-harmonic preinvex function

with respect to bifunction 7(.,.), if

m(m +n(n, m)) s s
f(m-l-(l—t)n(n,m)) <A =t)°f(m) +t°f(n), te[0,1], s€(0,1], VmneK.

3.1.3 Godunova-Levin Type of s-Harmonic Preinvex Function

A function f : K =[m,m+n(n,m)] CR\ {0} — R is known as Godunova-Levin type of s-

harmonic preinvex function with respect to bifunction (., .), if

f ( m(m + n(n,m))

m+(1t)7)(n,m)) <A=t)"°fm)+t°f(n), te]0,1], s€(0,1], Vm,n € K.

Remark 8

o [f s = 0, then Godunova-Levin type of s-harmonic preinvex functions becomes harmonic

P-preinvez functions.

e If s = 1, then Godunova-Levin type of s-harmonic preinvex functions becomes Godunova-

Levin type of harmonic preinvex functions.

3.1.4 Harmonic P-preinvex Function

A function f : K = [m,m+n(n,m)] CR\ {0} — R is known as harmonic P-preinvex function

with respect to to bifunction 7(.,.), if

f ( m(m + n(n,m))

m-i-(l—t)n(n,m)) < f(m)+ f(n), t€[0,1], YVm,nec K.
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3.1.5 Condition C

Let J C R be an invex set with respect to the bifunction 7(.,.), then for any m,n € J and

t1,ta € [0,1], we have

n(n + tan(m,n),n + tin(m,n)) = (t2 — t1)n(m,n) t€[0,1], Vm,neJ

3.1.6 Hermite-Hadamard Inequality for Harmonic Preinvex Function

A function f : K =[m,m+n(n,m)] CR\ {0} — R is harmonic preinvex function. If f €
Lim,m + n(n,m)] , then

f<2m<m+n<n,m>>> _ mlm +n(n,m)) /m”(”””) 1) g, < Hm) + 1)

2m +n(n,m) n(n,m) m z?

3.1.7 Hermite-Hadamard Inequality for Relative Harmonic Preinvex
Function

A function f : K = [m,m +n(n,m)] C R\ {0} — R is relative harmonic preinvex function where

m,m +n(n,m) € K with m <m+n(n,m). If f € Lim,m+ n(n,m)] and condition C holds,

1 2m(m + n(n,m)) m(m + n(n,m)) m+n(nﬂﬂ)@ N . . 1
Qh(é)’f( 2m +1(n, m) >< n(n,m) /m g dr<[f(m) + f( )]/Oh(t)dt.

3.1.8 Hermite-Hadamard Inequality for s-Harmonic Preinvex Function
A function f : K =[m,m+n(n,m)] CR\ {0} — R is s-harmonic preinvex function. If f €

L[m,m + n(n,m)] , then

vty (20t () _ m(m et nn,m) O f@)  fm) + f(n)
? f(?mm(n,m))S s o

3.1.9 Hermite-Hadamard Inequality for s-Harmonic Godunova-Levin

Preinvex Function

A function f : K =[m,m+n(n,m)] CR\ {0} — R is s-harmonic Godunova-Levin preinvex

function. If f € Lim,m + n(n,m)] , then

1 <2m<m +n(n, m>>> _ mm + n(n,m)) /nm+”<”’m> /()

f(m) + f(n)
2m + n(n, m) n(n, m) do < '

2 1—s

3.1.10 Hermite-Hadamard Inequality for Harmonic P-preinvex Function

A function f : K =[m,m+n(n,m)] CR\ {0} — R is harmonic P-preinvex function. If f €
Lim, m + n(n,m)] , then
Ly (2m(m +n(n, m))) < mm +n(n,m)) /m+"(”’m) f(x)
3 <

2m +n(n,m) n(n, m) m a?

dx < f(m) + f(n).
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3.1.11 Regularized Hypergeometric Function

Given a generalized hypergeometric or hypergeometric function ,F, (a1, ..., ap; 81, ..., 84; %), the

corresponding regularized hypergeometric function is given by

~ . . _ F(O{l,---,a ;/813"'?ﬁ 733)
plalons i B Bt = ENEG TR Gy

here T'(x) is a gamma function.

3.1.12 Appell Hypergeometric Function

In the product of two hypergeometric functions F(«; 8;7;x), F(a;8';v';y), we obtain a double

series , resulting in four kinds of functions which are shown as follows:

/ o — (O‘)T-&-s(ﬁ)r(ﬁ/)s
Fi(es 8,85 7im,y) = Y jz], lyl <1
1 22 s
Falos . 857 500) = 303 eIy ol + Iyl < 1
r=0 s=0
' a = (@) (a)s(B)r(B)s
F3(a, o5 8, viw,y) = z"y’, ], [y] <1
: 22 s
— )7+é(ﬂ)7'+s 1 1
Fy(o; 857,75 2,y) = ai/fcy |z]2 + |y[z < 1.
TZS:O s (7)r (V')

3.1.13 Riemann-Liouville Integrals

Let f € Llu,v]. The Riemann-Liouville Integrals J5+f and Jf_f of order > 0 with v > 0 are
given by ) N
T@) = g [ @00 >
Jﬂf@)—rénlf@xWV@Mu V>
Here, T'(3) = O+°° e *a’~da.

If =0, then JO, f(z) = JI_f(z) = f(z)

If =1, then the fractional integral becomes the classical integral.

3.2 Main Results

Lemma 2 Assuming that f: M = [u,u+n(v,u)] CR\ {0} — R be differentiable on the inte-
rior, M° of M where f € Liu, u+n(v,u)] for u,u+ n(v,u) EM withu < u+n(v,u), A\, « € [0,1],
g(z) =1 and B € (0,1] such that (—1)° € R, then

V(A o, B, u,u+n(v,u))

- {f <W> [(la)ﬁ(l)ﬂaﬁ)\]Jr)\(la)f(u{wr (v, u)}> ) (U{U+ n(, U)})

B+ Dul{u+n(v,u)}’ {Jg 1 fog ( 1 )
n(v,u)’ T R [CE) a u+ (v, u)

1
N L L Y ()H
+£Ll{u+)7§(v+u.l)(} )} + U

_ b —an |, (u{u+n(v,u)} =1 = Ma-1)
= W?(Uau){u + 77(”?”)} [/0 (At)Q f ( At ) et /1—a (At)Q
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Ay
fort €1[0,1] and A; = (1 — t)u+t(u +n(v,u)) .
Proof. Let
B ey —aX |, (u{u+n(v,u)}
noo [ (e
_/1_0‘ t? —aX —un(v,u){u+n(v,u)}
o [ —=tu+t(u+mn(v,u)) [(1—t)u+t(u+n(v,u))?

(1=t s o lesa) Y
un(v,u){u + n(v,u)} (I =t)u+t(u+n(v,u))

_ l—a B — a\ u{u+n(v,u)}

- / wlut (o))’ <<1—t>u+t<u+n<v,u>>>

- | e wfou + (v, u)}

R R e ) ARG ((1 s n(vw)))

_ 1 5_ 4 u{u+n(v,u)} 1me
R CETOAnITIoNn l“ 1 (= hu st o)

(et )

o i e ufu + n(v,0)}
wla T (o, @)y, w) [{(1 )7 oA (au+<1—a><u+n<v,u>>)

+a>\f<u{u+nvu ) /8/1 atﬁ 1f( u{u+n(v,u)} )))dt} (3.1)

(1 =tu+t(u+nlv,u

0

. _ (A=t utt(ut+n(v,u)) _ n(v,u)
Setting = = = m iy S0 that do = cbrowdt
For 0 <t<1—q, we have 7u+nl(v’u) <z< 7La+£{{;iz7(glfur')(}f”“)) and hence (3.1) becomes

- I o wfu + (v, u))
b= e s ) {{“ )7 oAy (au+<1—a>< <vu>>>

uot(1—o)(utn(v,u))

Y (u{u+Z(v,u)}> _5/W (xu{u+n v,u)} — u)

ot n(v,u)
1(5) e

o 1 IV ulu + (v, u)}
b= o) {{“ ) (au+<1—a><u+n<v,u>>>
u{u+n(v,u)} Bul{u +n(v,u)}?
ot ( v ) {10, u))?
ua+1(L1;a+)n(1;4'r:(v,u)) B—1
S g |- ] dx} (7or 2 =)
prE=Ten) ’
. L Cw)f —ang ((Heta,w)}
b= o) {{“ ) ( A, )
w{u+n(v,u)}\  Bul{u+n(v,u)}’
oA ( a, ) {10, u))?

vat(@d—a)(utn(v,u))

+n(v,u B-1
T ega) o - ] dx]

1
utn(v,u)

= - 1 Ca)f ey (AEEROYY o (et (o)}
L= un(v, w){u +n(v,u)} {{(1 ) AR >+ )\f< 1 )
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e T O g s 00 (i ) ] (32
Let
L - /1; (t—l)ﬁ(;t));(a—l)f,(u{u—kjt(v,u)})dt

_ / (-1 =Ma-1)  —ufu+n,u)}n,u)
—o [ =tu+t(u+n(v,w)]? [(1 = u+ t(u+ (v, u))]?
(1ot e alo o ( wlatien) ),
u{u+ n(v,u)}n(v, u) (1 —t)u+tlu+n(v,u))

_ _/1 (t—l)ﬁ—)\(a—l)d( u{u +n(v,u)} )
1-a (v, w){u+n(v,u)} 7\ (L= t)u + t(u + (v, u))

o | NV wfu £ (v, )}
= Tww ) TV T M=) (<1t>u+t<u+n<v,u>>>

o 1 Vv ufu+ n(o,u))
R COICET ) l(“ DA (= o)

- / (e ) L ]

. 1 A wfu £ (v, )}
- un(v,u>{u+n<v,u>}[ {Ee)" A0 =) (<a>u+<1a><u+n<v,u>>>

wfut ()} [ . wfutn(v,0)
““‘a)f( (v, >‘5 L0 (<1t>u+t<u+n<v,u>>>dt} (3.3)

1

e’

t)utt(utn(v,u)) _ n(v,u)
wlutn(o} o S0 that do = or ooy dt.

For1—a<t<1, wehave uo‘+£1{;i)77(&+77)(},v’u)) <z< % and hence (3.3) becomes

Setting x = -

= - ! —{(~a)’ - -«
b = e g L) M- o)

; (au+u{u+n(v,u)}v u))) Fx1—o)f (u{u—!—n(v,u)})

1 (1—a)(u+n(v, au1+ n(v,u)

[ (P ) T (1) sl
b = ey ) M- )

et et wa) P00 ()

M{U(v,@}ﬁ /W(fog)(x) {z - Hﬁ_lda:] (for é = g(x))
b = ety ) M)

f (W) +A1—a)f (“““”7()})

1

_ - -\ —a
o) (a F ] L) — A —a))

d <W> +A1—a)f (W) _(—1)p

Buf {u + n(v,u)}’ {F(ﬁ)JW+(fog) <i) H (3.4)

{n(v, u)}ﬁ w{utn(v,u)}
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Adding Equations (3.2) and (3.4), we have

U\ o, By, u A+ n(v,u) = —{f(W) [(1-a)® —aX — (=1)% — X+ a)]

VY (u{u+jfv,u)}> Lo (u{u+zo(v,u)})

_Hﬁ+1)uﬁ{u+n(v,u)}5{ﬁ 1 fg< 1 >
n(v,u)” T CRA R u+n(v,u)

D T ety | 109 (DH
(o) o, )} [/01 o ti/;)os/\f/ <u{u +/717t(v,u)}) dt

+/1; (t—l)i/;));(a—l)f, (u{u T’u)})flf}

U0, B+ (o) = [f (““‘*““”) (1— ) — (~1)fa’— X

Ai—q
A1 a) f<W> o (it
OB+ 1)1;’;{)2?7(@ ,u)}? {‘]Wg{m# o fog (u+n1(v’u)>

1
+(—1)BJ€<¥+<1 o) {utn(v,u)} f°9< )H
w{utn(v,u)} U

= un(v,u){u+n(v,u)} [/01 ) tﬁ(At;)\f’ (“{“ +gt(v7U)}> “

+/11a (t—l)ﬁ(;));(a—l)f,(u{u—k;l]t(v,u)})dt]

O
Remark 9 (a) IfA=0, a =21 and 8 =1, then Lemma 2 reduces to the following result
_lf<u{u+771( )}> u{u—i—nvu}/ ( ) ]
: e
— un(v, w) {u + (v, u)} /j (Ai),zf' (“{“ +Xt(”’“)}> dt
+ /; (Z;)lz) f (u{“ +£t(”’ “)}> dt] (3.5)

Setting z = %, so that doz = ;—gdz

ufu+ (v, uw)} U{u+nUU} e
L) [

oo [ /0; (Ai)2f/ (u{u + gt(u,u)}) dt

+/; (L_l_t)lz) 7 (u{u +:_17t(v,u)}> dt] (3.6)

For u+n1(v g Sz< 1 we have u+ n(v,u) < z < u and hence (3.5) becomes
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Putting the value of fl% in (3.6), we have

_[f<2u{u+n(u,u)}>_u{u+mu} u+n<m>f ]

u+ (u+n(v,u))
/: ondl (umn n

')
+/; ((t/_l—t)l) <u{u+nvu > 1

A [ (Bl

/o; gt ()
. / (el +£f”’“)})dt]' (37)

(b) IfA\=1,a= % and B = 1, then Lemma 2 reduces to the following result

/(5)+]

= un(v,u){u + n(v,u)} [/j (E_)éz)f (“{u +/71]t(v U)}> o

[t

2

= un(v,u){u+ n(v,u)}

= un(v, u){u +n(v, u)}

f(u) + flu+mn(v,u)) u{qun v, u)}
_ . /

+7( w)

5 —

= un(v, u){u+n(v,u)} {/o (Ez‘;)é) f <U{U +zl(v’u>}) dt}

_lf(u)+f(u+17(v,u)) u{u+nvu}/u+nvu Z ‘|

f(u)+f(u—|—n(v,u)) u{u+nvu}/u+nvu f2)

2 22

 unfo, ) fu + n(o.)} [/01 ((A:)? I (u{u +Zt(v,u)}> dt] .

Now we establish new integral inequalities of Hermite-Hadamard type for relative harmonically

preinvex functions.

Theorem 4 Assuming that f : M = [u,u + n(v,u)] € R\ {0} — R is differentiable on the
interior, M° of M where f' € Llu+n(v,u)] for u,u + n(v,u) € M with u < u+n(v,u), 8 € (0,1]
and N\, € [0,1]. If |f'|' is relative harmonically preinvex on M for p > 1 with % + % =1, we

have

(a) If (oc)\)% <l-ac< 1—|—(z\(oz—1)) then

W5 (A @, By uu+ (v, )| < un(v, w){u+n(v, w) k(A @, B,u,0)
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ko (N o, B u,v))7 {(kr(\, v, B, u, v, )

+hs(\, a, B, u, v, )| ff (w)|* + (ko(\, o, B, u, v, h)
+hio(\, o, By, v, )| f ()1} + (ks (N, o, B, v)
+ke(\, o, B, u,v))7 {(k1s(\, o, B, u, v, h)

+k16(A\, a, B, u, v, W) f(w)]*+ (kir (A, a0, B, u, v, h)

s\, @, B,u, 0, B))| f(0)[*} #].

(b) If (aN)? <1+ (Ma—1))F <1—a, then

W5\ @, Byu, w4 (v, )| < un(v, w){u+n(v,u)}
(k1 (A @, B, 4, 0) + ko (N, @, B, u,v))
{(kr(\, o, B, u, v, h) + k(A @, B, u, 0, h))|f/(w)
ko (A, .8, 1, v, )+ ko (A, B, u, v, B)) | f/ ()]

+(k4()‘v avﬁvua 'U))’Y {(klii()‘vavﬂvuava h)|f/(u)|u
i @, B, w, v, B)| f (0)[)} ).

(¢) If1—a< (a)\)% <14 (Ma— 1))%, then

(A, @, B,u,u+ (v, w)| < un(v,u){u+ (v, u)}
[(ks (A, v, By, )7 { (i (A, 0, B, v, b)) ()
(A, o, By, v, B[ F/(0)|) ) + (ks (A, 0, B, v)
+ke(\, o, B, u,v))7 {(k1s(\, o, B, u, v, h)
+hie(\, @, B, u, v, )| f/(w)|* + (k17 (A, o, B, u, v, h)
+his(A a, B0, h)| f (W)} ].

Proof. By using Lemma 2 and power mean integral inequality, we have

e b _ u{u v, U
e ot (e )] < wnou+ ey [ [ 1A () g
dt]

+/11a |(t — 1)5(&;2(041) r (u{U+£t(v,U)}>
ettt ([ gl ([
()

IN

1

ENE (-1 —Aa-1)] )
) +</ A ‘"“)

V=) = Mo DI (ufu @}
(/1_a e f( J ) dt) (3.8)

Ay
(a) (i) If (@\)? < 1—q, then

o 48 _
/ |t - o;)\\dt
0 (A¢)
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(@ _(p _ o 48 _
_ / (t B a)\)dt—i—/ t” - a)\dt
0 (

(Ar)? ans (Ar)?
- ]{]1()\,0(7,67U,U) + kg()\,Oé,,B,U,'U) (39)
where
A% B+1 i1 9 _ca)\% 1 _ 1 8 _
v By ) = CADTTBRRILIE 245 — 7] adT (—((0A7)7 — aX)
u?(1+B) u(u + ca?)
ka(\ o, B,u,v) = c(1 = a)'*F + ua _ C(a)\%)lw + ua

uc(u + ¢ — ca) uc(u + ca?)
(—u+cla—1)(1 - a)"*PBR1L1+ 5,2+ 5, 2]
+ u?(u+c—ca)(l+f)

(@A) BB, Fy[1,1+ 8,2 + B, — <22 ]

i (11 )
(ii) Tf (@A)¥ > 1 — @, then
T e [T e e
L (A2 “*A Ay d=kafue). (310
where
- a)(u —a)? —a
kv By = LT+ B)((1—a)" — al))

u?(u+c—ca)(l+pP)
(—1+0a)1—a)f(u+c—ca)BoFi[l,1+ 8,2+ B, 1))
u?(u+c—ca)(l+p)

(b) (i) If 1+ (A(a — 1))% <1 — o, then

/la—n@—xa—ngt
11—«

(4)?
-1 = Na-1)
B /1704 (At)2 dt
= ks(\ q,B,u,v). (3.11)

where

1
k4(>\7 «, ﬁv u, U) = /
l—o

(i) 1+ (Mo —1))% >1— a, then

Lt =17 = Na-1)
~/1—o¢ (At)2 dt

dt

B /““W””E—W—lﬁ—xm—ln
B 11—« (At)Q

+/1 @—DBjMa—Uﬁ
1+(A(a—1))% (Ar)?
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= ks(\, o, B,u,v) + ke(\, o, B, u,v). (3.12)

where

dt

_ [ (= 1)~ Aa = 1)
ks (A, @, 8,0, 0) = /Hy (1—t)u+t(u+c))

dt

1 B
(t—1)" = Ma—-1)
ke(\, o, B, u,v ::/ L
6 V= ) eyt G Out it o

Since |f’|"* be relative harmonically preinvex on the interval [u,u + n(v,u)] with respect to an

arbitrary nonnegative function h and for u > 1, as t € [0, 1]

/ u{u+n(v,u)}
! <t(u +n(v,u)) + (1 — t)u)

hence, by calculation, we get

< I @) + h(1 = H)[f (0)".

(c) (i) If (a)\)? <1 — @, then

=0 18 _ o)
/o @e |

/W)’l* —(t? —a)
0 (Ar)?

o
dt

A

/ <U{u + n(vﬂt)})

IN

(RO @) + h(1 = )| (0)[]dt

L=a 4B , " ~ -~
+/<M)é e PO @+ (=) ()]t

(an)? — (% —a)) I=a 4B o\ .
[/O Wh(t)dH/( A h(t)dt] £ (w)]

al) B

(an) 7 — (7 — a)) 1= 48— a o\
*[/0 G - na [ S h“_”dt] T

(aX)?

= [kr(\ o, Bu,v,h) + k(X o, Byu, v, B (u)]
+[k9(>\, «, 5; u,v, h) + klO(Aa «, 63 u,v, h)”f/(v)w (313)
where

— (8 — a))
1—1t)+ (u+0)t)?

(@N)7F
k7(\ a, B,u,v, h ::/
i =) W

1=a 8 — a\
kg (A Jh) = h
8( 7a7/83u7v ) /(;)\)k (u(l —t) ¥+ (U+C)t)2

e o
Fo(\ a0, h) = /0 s - gar
1o 8 — a\
FroQh e v 1= /@mé Wi =0+ (ut ope D

(id) If (a\)? > 1 — q, then

/“a [tF — a)|
0 (Ar)?

m
dt

I (u{u +jt(v, u)})
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e (16 _ o)) L D
< A —725——[Uu W+ h(1 - 8)|f ()]t
(P —a) I e Gt 2 PPN
= [ ey [ Lo - ar )
= ki o, B,u,0, R)|f (w)* + kia(\ «, B, u, v, B)| £ (v) . (3.14)

where

Y e g2
kll(Aaa767uvvvh) 7/() (u(l — t) n (u T C)t)2h(t)dt

-« _ [3_@
e prwot)i= [ s -

(d) (i) 1+ (Ma—1))7 <1—a, then

/1|u—nﬂ—xa_n
11—« (At)2

1 18 Aa—
: AﬂJ“ lﬁ&§< Do/l + w15 @)

U o1 - A —
- [ wp

U t=1)" = Ma—1) ,
[ S nan e
= kis(\, o, B,u, v, h)|f (w)|* + kia(\, o, By u, v, h) | f (v) . (3.15)

“w
dt

, (u{u +;1](v,u)})

where

1 ~ 1~ \a—
k1s(A, o, B, u, v, h) = /1_ (q(f(l 11) n E\zf " C)gzh(t)dt

_ [t =1 =XMa-1)
k1a(A, «, B,u,v, h) ._/1—04 D C)t)zh(l —t)dt

(i) If 1+ (Ma —1))7 > 1— a, then

D=0 = Ma =Dl |, (ufutn(e,w} [
I ()
HONDE (1) A1)
< [ iy (B () + B = D17 () at

B

_ [/HQWUﬁ(@UﬁMaD)

1 (t_l)ﬂ_)\(a_l) / I3 _ () |#
ot g L @+ k=01 )

(4:)?

1

/1 (t—1)" - /\2(0‘ ) h(t)dt] [f (w)l*
1+(A(a—1))F ()
X (a-1)?
L.
1P = MNa—1)

1
t
+/' Tk = a1 )
1+(Ma—1))F (At)

—((t=1)% = Ma—1))

" (4,2

h(1 — t)dt
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= [k'15(>\7 «, /87 u,v, h) + k16(>\7 «, 57 u, v, h)]\f’(u)\”
+[k17()‘7 «, ﬁa U, v, h) + le()‘7 (62} ﬁa u,v, h)”f/('U)VL (316)
where

1+ (Ma—1))7 —((t=1)" =Aa—-1))

kis(\, o, B, u,v, h) == /1_a W —0) T (u t 002 h(t)dt
_ [ (t=1)" = Na-1)
Fioh 0 By, v, h) = /1+(/\(a—1))f13 (u(l —t) + (u+c)t)? hlt)ds

1+(A(a—1))B —((t _ 1)/3 _ /\(a _ 1)) h

k17(/\,a,ﬁ,u,v,h)::/ (1—1t)dt

1—or (u(l —1t)+ (u+c)t)?

1

k1s(A, o, B,u, v, h) :z/ (t=1)° ~Ma—1) h(1 —t)dt

1+(Ma-1) 7 (Wl —=1) + (u+c)t)?
Where ¢ = n(u,v). By substituting (3.9) to (3.16) in equation (3.8) gives the required result. 0O
Corollary 3 Assuming that f : M = [u,u+n(v,u)] CR\ {0} — R is differentiable the interior,

Me° of M where f' € Li[u,u + n(v,u)] for u,u+n(v,u) € M with uw < v+ n(v,u), 8 =1 and

N a € [0,1]. If | f'|* is relative harmonically preinvex on M for p > 1 with % + % =1, we have

(@) If ax<1l—a<1l+4+Aa-1), then

WA a1 u,u+n(v,u)] < un(v,u){u+n(v,u)}
(L @, 1 u,0) 4 b (A, 1,u,0))
{7\ o, Lu, v, h)+ls (A o, 1w, v, b)) | (w) |
(I (X, 1,0, ) 1o (A, @, 1wy, )|/ (0)]F
+(ls(\ o, 1, u,0) + 16 (A, 1,u7v))%
{5\ o, L, v, h) + lig(A, o, 1w, v, b)) | (w) |

+(l17()‘7aa 13 u,v, h)+118(Aao‘a 17 u,v, h))|f/(’l))|u}ﬁ]
(b) If ax<1+Aa—-1)<1-aq, then

[U (O o, Ly u+n(v,u)| < un(o, u){u+n(v,u) (N o, 1 u,0)
(A o, 1w, 0) 7 {(1r(N o, 1,u, 0, h)
s o, Loy v, )| (W) + (o (A, ., 1,u, v, )
oA @, 1, u, v, B)| £ (0)]*}

+ (LN a, 1, u,0) 7 {(Lis(N, o, 1w, 0, B)| f (w) |
Fla(N o, 1,u, 0, B)| £ (0)]2) ).

() If l—-a<ar<14+MNa-—1), then

@O 0 L w (v, w)| < un(o,u){u+ (v, u)H s\, @, 1,u,))7
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where

LA a,lLuv) =

L\ a,luv) = —

{(lll()‘v «, ].,’LL, v, h)|f’(u)|“ + 112()‘, «, 17“7”7 h)
/@)Y + (s e 1, 0) + Lo (A, 1, u, )7
{(115()‘7 «, la u, v, h) + llﬁ()\va7 1aua v, h))'f/(u”u

(e (e, 1y, v, Rl (A, 1w, 0, B))| f (0) 17,

u+cadtulog(u)  u+ca+ (u+ cal)log(u + cat)
uc? 2(u + cal)

—u —cal — (u+ c— ca)log(u + ¢ — ca)
(u+c— ca)

_u+ cad + (u+ cal)log(u + cad)

s\ o, lu,v) =

i\ a,Lu,v) =

2(u + cal)

u+ cal +ulog(u)  u+ car+ (u+ c— ca)log(u+ c— ca)
uc? 2(u+c—ca)

U+ c—ch+ car + (¢ + u) log(c + u)
e+ u)

+—u—|—c(—1+)\—oz)\)—(u+c—ca)1og(u+c—ca)

(A a,Lu,v) =

2(u+c— ca)

U+ c—ch+ car + (u+ ¢ — ca)log(u + ¢ — ca)
A(u+ ¢ — ca)

~1+log(u+c—cA+caN)

le(A\a, Liu,v) =
(Ao, 1,u,v,h) ::/
0

ls(\a,lu,v,h) = /

lo(\o,lu,v,h) = /
0

llO()\,Oé,LU,'U,h) ::/
I (\a, L u,v,h) ::/
0
llg()\,a,LU,U,h) ::/
0

113()\706,], U, U7h’) = /
1

c2

c(=1+ )X+ (u+ o) log(rerat-Sram)

2(u—+c)
aX 7(t B a}\)
(u(l —1t) + (u+)t))? h(t)dt
e t—al
o G e O
al —({; B a)\) i
e t—al
o (Wl —t)+ (u+)t)? h(1 — t)dt
e —(t—a))
(w1l —t) + (u+ c)t)Qh(t)dt
1-a —(t—a)) A
(u(l —t) + (u+ c)t)?
ot-1) = Ma-1)
o (w(d—t)+ (u+ c)t)2h(t)dt
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haOnvanl u, ,h) = /11 ((t_l) —Ma=l) 0

u(l—1t)+ (u+c)t)?

LH(Ae=1) _((4 _ o
lis(\a,Lu,v,h) = /1_ ((15(:1 1% n (15 n C)l)))zh( )dt
! (AaLuvh)'—/l (1" - Ma=D) g,
e 1+ a=1)) (W =) + (u+c)t)?
L+(Aa-1) _((p _ o

lir(Na,Lu,v,h) = /17 (u(((f — i;—i— (u(—i— C)l))?) h(1 —t)dt

[ (t—1)—Ala—-1)
ha(hebu, v,h) = /1+(,\(a—1)) (w(l =)+ (u+c)t)? AL = t)dt

Remark 10 If 8 =1, h(t) =t and n(v,u) = v — u, then the Theorem 4 reduces to the Theorem
1. This shows that the class of relative harmonic preinvex functions becomes the class of harmonic

convez functions.

Corollary 4 Assuming that f : M = [u,u + n(v,u)] € R\ {0} — R is differentiable on the
interior, M° of M where f' € Lifu,u + n(v,u)] for u,u+n(v,u) € M with v < v+ n(v,u). If

|f'|* is relative harmonically preinvex on M for p > 1 with % + i =1, then

u{u+n v, u)} /u+n " d -/ (51{?u++n7§€vu£)>|

< un(v,u) {u+n(v,u)} [ (v, ) {5100, 0, 1) ()
+52(/\’ u, v, h)|f/(v)|#}i + Sé (>‘7 u, ’U){Sl’»(/\’ U, v, h)|fl(u)|#

+sa(A w0, B)| f (0)[} 7).

where
B 3 th(t)
s1(Au,v,h) = /0 (w(l—t) + (u+ c)t)th
B 3 th(1—t)
52()\7 u, v, h) T /0 (u(l — t) + (U + C)t)th

o (1 - t)h(t)
s3s(A\u,v,h) = /é(u(1—t)+(u+6)t)2dt

Y (1 =tHh(—1)
sa(\,u,v,h) = /é(u(1—t)+(u+0)t)2dt

—gure — log(u) +log(u + §)

ss( N u,v) = 5

C

+log(u + § — log(u + c))
Cz

se(A,u,v) = Zutc
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Proof. From (3.7), we have

u{u+7}v u}/WM

e ()

< (o, u){u + (v, u)} [/ L (“{“’“’“} \dt

o (Ar)?
, <u{u +£(v,u)}> ‘dtl '

1

Lit—1
1 (Ay)?

+

By power mean integral inequality, we have

< un@,u){um(v,u)}{(/j g dt) </o ag ()
Lt -1 " ! L (u{u+nv,w) " m
+<; Ve dt) (; e ( ) dt) ]

Ay
Since |f’|"* be relative harmonically preinvex on the interval [u,u + n(v,u)] with respect to an

1
;L I
dt)

arbitrary nonnegative function h and for u € (1,00), as t € [0, 1]

, u{u+n(v,u)}
/ <t(u +n(v,u)) + (1 — t)u>

m

< RO (@) + h(1 = )| ()"

tut ) [ g g (2elet el )

wuno, ) s+ (o )} [( | )ft') dt) ( | jlt) (OIS ()l + b1~ t)lf’(v)l”]dt>
(/ |t_1|dt> ( w)* + h(1 v)|M]dt ]
= un(v,u){u v, u) %th(t) "4 U

= wn(o,u)fu [( ) ( sl W) / e dtlf()l)
17 J— —_

+< ) ( M g+ [ @g’fj”dﬂf’(vw) ]

! (Ae
un(v,U){U+n(v,U)}[8§(A,u,v){sl(k,u,v,h)lf’( )+ s2(A w0, h)| f (0)[1

—|—S§(>\,u7v){83(/\,u,’u,h)|f,(u)|'u'—|—34(/\7U,U,h)|f( )|#} ] where C:n(’U’u).

IN

| t

==

IN

|

Theorem 5 Assuming that f : M = [u, u+n(v,u)] C R\{0} — R is differentiable on the interior,
Me° of M where " € Li[u,u+ n(v,u)] for u,u+n(v,u) € M with u < u+ n(v,u), s € (0,1] and

A€ [0,1]. If | f'|* is relative harmonically preinvex on M for p > 1, we have

(a) If (a)\)% <l-a< 1+()\(a—1))%, then

2=

[Ur(\ o, B,u,u+n(v,u)| < un(v,u){ut+n(v, u)}| (kio(X, o, B,u,v,v)+kao (N, o, B,u,v,7))
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(o {lr (g ) [ irwr) [ o) %

+(kas (A, @, B,1,0,7) + kaa (A a, 8,0, 0,7)) f
(a {| Pl (W) #} /Olh(t)dt> ] .

() If (@\)F <1+ (Ma—1))7 <1—a, then

|‘I/f()\704w37%u+77(vau))| < U?’](U,U){U+U(U,u)}l(klg(A,O&,ﬁ,U,U,’}/)—Fon()\,O(,B,U,,U,’Y))#

<(1 a){ d <W> #+ |f/(”)|”}/01h(t)dt>i
}/Olh(t)dty].

+(kaa (N, o, B, v,7))7
(af e | (et et)

() If 1— a<(a)\) <1+ (Ma )) , then

‘\I/f()‘vaa/ﬁau7u+n(vau))| < U’l(”au){u+77(vau)} (kj21()‘7a757u’1}’7))%
(@D e )
p (M) P e [hio)

<(1 ~) { Ar—a

+(k23(>\, «, [3,U7U7’Y) + k24(A, aa/Ba u)”zV))%

(a{f’(u)“+ (e} ) } / 1h<t>dt)i].

Ai—a
Proof. By using Lemma 2 and Hélder’s integral inequality, we hav
N Oé/\lf(u{qun(v,U)})

05 (0B, (v, )] < un(v,u>{u+n<v,u>}[ [ X = 7
. g g

l—a 18 _ 3
< un(o, u){u + n(v,u)} / 17 — o dt)

(40>
< / s (u{Hn()})

dt

dt
i)

([ )
(7 (“{“111 [ ar)’ .

B _
/ Y P — aA]Y it
0 (A)

(an)? 8 l—a 8 _ gl
= / (7 oA dt+/ i L
0 (A% (v (A)*

(a) (i) If (a\)? < 1— a, then
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= klg@\,%ﬂ,%%’ﬂ +]€20()\,Oé,ﬁ7u,’0,’7). (3]‘8)
where

(—t8 + aX)”

u+t(u+n(v,u)))?Y di

(aN)?
k A7a7ﬁ7u7v”y ::/
19 =) o

l—a
_ @ —ary
kQO()H @, Bv u, v, 7) T /(a/\)é ((1 — t)’u + t(u + U(Ua U’)))Q’Y a

(ii) If (a))? > 1 — a, then

/1“ tP — a)\Pdt B /10‘ (—tP —|—a)\)7dt
0 (Ae)2 0 (A)2

= k?l()\,a767uaU’7)' (319)

where

(—t% + a\)Y

wt tu + (o W)

-«
Ifgl()\,a,ﬁvuvvvv)::/o ((1 _t)

(b) (i) 1+ (Aa—1))7 <1—a, then

/ﬂ|a—nﬁ—xa—nwﬁ

(Ag)>
M@= = Ma—D)
B [7a (At)}y dt
= ka(Aa,B,u,v,7). (3.20)

where

[ (=1 = Ma—1)
kaa(A, @ B, u,v,7) 1= /1_a (1 = t)u+ t(u+ (v, u)))>

(i) 1+ (A —1))% >1— a, then

Ut =1 = Ma—1)|
JLELLCE

1

_ /““W1”5<@nﬁ+Manwﬁ
1o (Ae)>
+/1 (G G V) P9
1+(AM(a—1)) P (Ar)2
= kos(\, o, B,u,v,7) + kaa(\, o, B, u, v, 7). (3.21)

where

1
1+(A(a=1))B —(t—1 B A\ 1y
kzs()\,a,ﬂ7u,v,~y);:/ (-1 +Ma-1)

1a (1= D)+ t(u+ (v, u))*
T ((t=1)° —Ma—1))
k24(>\7 757 ’ 77)'* ﬁ+(A(a1))é ((1 —t)u+t(u+77(v,u)))27dt




41 3.2. Main Results

(c) Consider,

n
dt (3.22)

e’
A

Setting z = “{’”Z*E”’“)}’ so that dt = —wlutn@w} 4.

z2n(v,u)

r <u{u +}1]t(v, u)}>

For 0 <t<1-a, wehave u+n(v,u) <x < w and hence (3.22) becomes

—a

w{utn(v,u)}

~u{utn(v,u)} fima 1@
77(” u) u+n(v,u) $2
U{U+?7”U}/“+”(M) |f' ()" )|

{utn(v,w)}

w{u+n(v,u)} {u+n(v, u)}7U{uE?EZ’u)}

n(ww) \ {utn(o,u)) -t

{ut e, w) — e [
L —dx
{u + (v, u) ydetnew} wlugn(aw) a2

Al—a l—«a

(3.23)

Using Hermite-Hadamard’s inequality for relative harmonic preinvex functions, we have

/1_“ I (u{u+n(v,u)}) a

dt

HIf s | (ot

u{u+n(v,u)} /{1; +n(v,u)} — vl
(v, u) {u + (v, u) el
[_ / (W) " |f’<u+n<vvu))l“} /Olh(t)dt
- S I ()
o+ (1~ ) (u+ n(v,u) —u
n(v,u)
[ (M) ] [ ey

IN

+ |f’(v)|“] /O h(t)dt (3.24)

Above Inequality holds for a = 1.

1
I
u{u—&-?z(v,u)} , 50 that df — —u{u;—(z(z)u)}d

For 1-a<t< 1 we have M < 2 < u and hence (3.25) becomes

1 a

_U{U+nvu}/ If@F

(utnww} 32
Al @

u{utn(v,u)}

u{U+77vu}/ Ao If )I

(d) Consider,

nw
dt (3.25)

I (u{u —&-gt(v, u)})

Setting x =

{v?+n(v,u)}
u{u+ (v, u)} igia

(o) | e}

l—a
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u{u-&:n(v,u)} _ ufutn(v,u)} +ri(
Al—a u |f ( )| (E (3 26)
Aol |, '

Ai—a

Using Hermite-Hadamard’s inequality for relative harmonic preinvex functions, we have

/1 r (u{u + n(v7u)}>

Ay
u{u-i-?](v,u)} (W_u> {|f’(u)|“+ f/

I
dxr

IA

77(1)711,) w{utn(v,u)}

l1—a

Al—a

M] /O 1 h(t)dt

u{u + n(v,u)}
()

sy ()]
_ {u+nw,u)} —au—(1—a)(u+n(v,u))
n(v,u)
I + | (M) ) /h
< ol | (o } / h (3.27)

Above Inequality holds for a = 0.

By substituting (3.18) to (3.21), (3.24) and (3.27) in equation (3.17) gives the required
result. a0

Corollary 5 Assuming that f : M = [u,u + n(v,u)] € R\ {0} — R is differentiable on the
interior, M° of M where f' € Ly[u,u+n(v,u)] for u,u+n(v,u) € M withu < u+n(v,u), =1

and X\, € [0,1]. If | f'|* is relative harmonically preinvex on M for p > 1, we have
(@) If ax<1l—a <14+ Aa-—1), then

|\Ilf(/\7 Q, 13 U, v+ 77(% u)) S UU(U’ u){u + 77(”7 u)} |:(119(>‘a «a, ]-7 U, v, 7) + 120()‘) a, ]-a u, v, 7))%

((1 : a){ ! (W) “ If’(v)l“} /Olh(t)dt)i

Alfa
+(l23()\7 a,1,u,v, ’Y) + 124(/\’ a, 1, u,v, 7))%

(o | (MY )]

Al—a
(b) If aAx<1+Aa—-1)<1-aq, then

|‘11f()\7 @, U, U + 77(1)7 U))| S U77(Ua U){U + 77<U7 U)} |:(l19()‘a «, 1) Uu, U,’Y) + 120()‘7 «, 17 u, v, ’Y))%

(o {lr (g ) [ iror] [ o) %
#}/Olh(t)dty].

(loa( N a, 1w, v,7)) 7
(a{lf’(u)l“+ f (W>

Alfoc
() If l—-a<ar<14+MNa-—1), then

U (N, o, u,u+n(v,w)| < un(v,w){u+n(v,u)} |:(l21(/\, a,1,u,v, ’y))%
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(o= {lr () |f’<v>|“}/olh<t>dt>i

+(l23()\7 «, 1; U,U,’Y) + 124(>\7a7 1,u,v,'y))%

(a{ i | (M) } / 1h<t>dt)i}

Alfa
w2 AN T Fy[1,27,2 + 1, — “’A]
T+~

where

lug()\,Oé,l,U,’U,"Y) =

(ut c—ca)27(1— a— aA) T (14+7)2 Fy[1, 2, 2+ 2 ted)]

120()\»0571711'71)7’7) = U—FCO&)\ utco

WA (1,2 — 7,2+, 22
(I4+7)(u+ cal)
(ute —ca)' T (=1 fa+aX) T [ (1,2 = 4,2 4 7, %]
(L +7)(u+ cal)

121()\,0471,’&,’0,")/) =

(U+C)1727(—1—|—O{)A(>\ - OZA)FYQFl [17 2—’}/, 2+’Y, %%]
I+ (u+c(l+(—1+a)N)

(ut c— ca) 1A= a(1H0) M 1 [1, 27, 24y, iAoty
1+ (u+c(l+ (=14 a)X)

122(>\705,17u7077) ==

(ut c—ca) 2 (-t (~1+a)\) 1o Fi[1, 27, 247, SatClEaN)
I4+y)(u+c+cA(-1+a))

123()‘70‘717”’”77) =

B (C—l—u)l_Q’Y(/\( 1+a))1+72F1[1 2—7,2+4+7, %]-
124(>\,OA,1,U,’U,’7) = )

(1+7)(u+tc+e(—1+a)))
where ¢ = n(v,u).

Remark 11 If f =1, h(t) =t and n(v,u) = v — u, then the Theorem 5 reduces to the Theorem
2. This shows that the class of relative harmonic preinvex functions becomes the class of harmonic

convez functions.

Corollary 6 Assuming that f : M = [u,u + n(v,u)] C R\ {0} — R is differentiable on the
interior, M° of M where ' € Li[u,u+ n(v,u)] for u,u+n(v,u) € M with u < u+ n(v,u). If

|f'|# is relative harmonically preinvex on M for pn > 1, then

u{u+771)u} o) L f(Qu{zLJrn(?U)i))‘
u+ (u+nv,u
gun(v,u){u+77<7f’“>}<2w+1<17+1>>i

s\ w0,y )| (w)|# + ss (N u, 0, b )] f(0) 1}

+{59()‘7u’va h,,u)\f/(u)\” + le(A,u,v, hv M)|f’(v)|“}i]
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where

[ h(t)
57()‘a u, v, hv N) E /0 (u(l _ t) + (u + c)t)Q,u dt

B 3 h(1—t)
ss(Au, v,y 1) 1= /O (u(l =) + (u+c)t)?m

1
h(t
so(A u, v, hyp) = / *) dt
2

1 J—
Slo(A,u,U,h,u) = /l (u( h(]. t)

Proof. From (3.7), we have

u{u+77vu}/“+nvu f(z)dzf<2u{z¢+77( Ui’))’
2 u+ (v,u
|

< un(v,u){u+n(v,u)} l/oé VAE (u{u—i—n Y, u)}) dt

/ |t—1 (u{u+77vu )\ ]

Since |f’|" be relative harmonically preinvex on the interval [u,u + n(v,u)] with respect to an

It|

arbitrary nonnegative function h and for p € (1,00), as t € [0, 1] and

/ u{u +n(v,u)}
/ (t(u +n(v,u)) + (1 — t)u)

©w

< RO @)]" + (1= t)|f ()"

Using Holder’s integral inequality, we have

u{u+77 v, u)} /Hn s d -f ( 2U{E¢ ++n7gzjvu@)j)>’

FoNY # -
< un(o,u) {u+ n(v,w) (/ tdt) (/ G O @ b1 =0l ) >dt>
+</1(1—t)7dt> (/ oy RO @)+ L= DI (o )
Lo\ (o Wy [rnaon,
< un(v,U){qun(MU)}(/o tdt) (/ S ) +/ e f<>|>
+</ (1—t)7dt>7 [(Zgludﬂf’(uﬂ“ﬁ—[ h((jlt;fb)dt|f’(v)|“>
< w0} (gt ) Kot bl + a0 bl (0P}

+{89(>\,U,U,h,/,b)|f/(u)|“+810()\,U,U,h,ﬂ)‘f( )|/L} ] where C—U(an-
0

Theorem 6 Assuming that f : M = [u, u+n(v,u)] C R\{0} — R is differentiable on the interior,
Me° of M where f' € Li[u,u + n(v,u)] for u,u+n(v,u) € M with u < u+ n(v,u),B € (0,1] and

N a € [0,1]. If |f'| is relative harmonically preinvex on M, we have
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(@) If (aN)F <1-a <1+ a—1)7, then

(W (A o, B, u,u+n(v,u)| < un(v,u){u+n(v,u) H{{kr(Aa.8,u,v, h)+ks(\a,B,u,v,h)}
+{k1s(X a8, 1,0, h)+ kg (Ao, B,u, v, h) FHF (u))|
H{ko (A, B, u, v, k) +k10(X, o, B,u, 0, h)}
Hhkrr (A a8, w0, h)+kis(Aa 8w, v, AP (0)]]-

() If (@\)F <1+ Ma—1))7 <1—a, then

[V r(N, B, a,u,u+n(v,u)| < un(v, u){u+n(v, w) }{{k:(X, a, B,u,v,h) + ks(\, o, B, u, v, h)}
+k13()‘7 aaﬁaua v, h)}|f/(u)| + {{k9(>‘7 a, 5a u,v, h)
+k10()\7 O‘vﬂaua v, h)} + k14()\,oz,ﬂ,u,v, h)}|f/(’l))|]

@l

() If 1—a < (a))F <1+ A(a—1))

, then

|\ij()‘7 67 Q, U, U+ 7)(07 u))| < U’l’](’U, U){U‘H?(Uv u)}[{{k15(>\a «, 67 u, v, h)+k16(>\7 @, 67 u, v, h)}
+k11(A7 «, ﬁa u,v, h)}|fl(u)| + {{kl'?()‘v «, Bv u, v, h)
+k18()\7 «, ﬁ7 u, v, h)} + le()‘7 «, 57 u, v, h)}lf/(v)l]
Where the values of kr(\, «, B,u,v,h) to kig(\ a, B,u,v,h) are defined in Theorem 4.

Proof. By using Lemma 2, we have

5 (0 o ot )| < n(o ) o+ (o)) [/Ol_a |ti/;)a2>\| /' <u{u —S—Zt(v,u)})‘dt
dt] .

+/1 [(t =1 = Aa—1) f,(u{u+n<v,u>})
-«
Since |f’| be relative harmonically preinvex on the interval [u,u + n(v,u)] with respect to an

(Ap)?

arbitrary nonnegative function h and ¢ € [0, 1]
f/( u{u+n(v,u)} )
tu+n(v,u)) + (1= t)u

(W y(A o, B,u,u + n(v, )|

< h(OLf (W)l + k(1 =) f(v)]

l—a 418 _ @
< a7 R pon @+ - ool
Ce-1 - Ma-Dl, o
+ [ Sl @+ -l <v>|]dt]
l—a B8 o
< ettt [{ [ S s o)
TV Y -0 48 _ ,
+/HY e h(t)dt|f (u)l} + {/0 )2 h(1 — t)dt|f' (u)|

1 1P - Aa—
P M ”h(l—t)dt|f'<v>|H (3.28)
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(a) () It (aN)

and

<

1 — «, then

11—« |t/3 _ Oé)\|
/0 ) h(t)dt

(At)Q an) P (At)2

_ (a)\)% —(tﬁ B a)\)
- /0 ((1 —t)u+t(u+n(yju)))2h(t)dt+

/l_a P —a
(@nd (L= tu+t(u+n(v,u)))?
= k(X B0, 0) + ks (X, 0, 8,00, ).

h(t)dt

11—«
[t? — a)|
= h(1 —t)dt
/0 (Ay)2 ( )

1
(@NF .8 e
/ (t a)\)h(t)dt+/ oA a
’ (

(3.29)

(oz)\)% _ tﬁ . - tﬁ -
/ o), g t)dt—I—/ Poad
0

A (A

(aX)B

(a/\)%‘f —(tﬁ —a)) B
/0 (1 = t)u+t(u+n(v,u)))? h(1 — t)dt

+/1D‘ % —a
(a)\)% ((1 _t>u+t(u+n(v7u)))2
kQ()‘aaaﬂauavah) +k10()\,01,ﬂ,u,1}, h)

h(1 — t)dt

(i7) If (a\)? >1— q, then

and

(b) (2)

If 1+ (Ma—1))

/1—a |t6 _ OZ)\‘
0 (At)z

_ = (P — a))
- /O Wﬁ(t)dt

B /1—a —(tP —aN)
Jo (M= tu+t(u+n(v,u)))?
= k(N o, B,u,v,h).

h(t)dt

h(t)dt

l—«
[t9 — a)|
= h(1 —t)dt
/o @y M)

_ [T,
- /0 (4,2 h(1 —t)dt

_ [ —(tP — a) B
- /0 ( —t)U+t(u+n(U7u)))2h(1 t)dt

= le()\,OL,/87U7U7h)'

=

<1 - a, then

1 . [3_ o —
| e

1 _ ,3_ o—
— /17 (t U(At)é( 1)h(t)dt

(3.30)

(3.31)

(3.32)
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' (t—1)" = Xa—1)
/l—a (1= t)u +t(u+n(v,u)))? h(t)dt

= kis(\ «,B,u,v,h). (3.33)
and
V=1 A1 = o)
A;a s h(1 — t)dt
-1 = Ma—1)
- /17& )2 h(1 —t)dt

/1 (t—1)" = XMa—1) ML — 1)t

—o (T=tu+tu+n(v,u)))?
= kis(\ o, B,u,v,h). (3.34)

(i) If 1+ (A(@—1))7 >1—a, then
/1 (t—1)" ~ Aa—1)
11—« (At)2
-/ 0D (1) ~ A - 1))
1-a (Ar)?

! t—1" = XNa-1)
* /1+()\(a1))113 (Ay)? hlt)dt

h(t)dt

h(t)dt

. /HW“—W ~(t=1" = A1)
 Jica (T =t)u+tlu+n(v,u)))?
L (t—1)" = Mo —1)
" /1+()\(a—1))¢13 (1 =tu+tlu+n(v,u)))?
= kis(A\, o, B,u,v,h) + kig(N, o, B, u, v, h). (3.35)

and

R e it V| P

/1_a (At)Q h(1 —t)dt

_ /“W“—l”é (-1~ Aa 1)
11—« (At)2

+/1 u_DﬂTMQ_Uhu—wﬁ
1+(Ma=1))F (Ar)?

h(1 — t)dt

/ O (1)~ Aa—1)
1-a (1 =tu+t(u+n(v,u)))?
! t—1)°" = XNa—1)

* /1+(A(a1))}f (1 =tu+t(u+mn(v,u)))?
= kiz(\ o, B,u,v,h) + kis(\, o, B,u,v, h). (3.36)

h(1 — t)dt

h(1 — t)dt

By substituting (3.29) to (3.36) in equation (3.28) gives the required result. ad

Corollary 7 Assuming that f : M = [u,u + n(v,u)] € R\ {0} — R is differentiable on the
interior, M° of M where ' € Ly[u,u~+n(v,u)] for u,u+n(v,u) € M with u < u+n(v,u), f=1

and A\, € [0,1]. If | f'| is relative harmonically preinvex on M, we have
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(@) If ax<l—-a<14+MNa-—-1), then

U (N, o, 1wy w4 n(v,w)| < unv,w){u + (v, u) J{{Iz (a1, u, v, B)+ls (Ao, 1,u, v, h)}
+{lis(N a1, u, v, b))+l (AN a1, u, v, h) H f (w)]
+{{lo( Mo, 1,u,v, h) +l10(Na,1,u, v, h)}
( (

Hhr(\a,Lu, v, h) +hs(Mos 1w, 0, ) HE ()]

() If ax<1+Xa—-1)<1-—aq, then

V(A o, Luyu+n(v,u)] < un(v,u){u+nv,w) H{{lz(A, o, Lu,v,h) +8(A o, 1,u,0,h)
+z(\ o, Lu, v, ) HF (w)| + {{lo(N, o, 1, u, v, h)

oA o, Lu, v, h)} 4 lia(A o, 1w, v, ) ()]
() If 1—-a<ar<l+4+Aa-1), then

[T\ o, Lu,u+n(v,u)] < un(v,u){v+nv,uw)}[{{lis(\, &, 1, u,v, k) + l16(A, a, 1, u, v, h) }
+1 (A o, Lu, v, h) H i (w)| + {{liz(A o, 1, u, v, h)

‘HIS()V a, 1, u,v, h)} + 112(>‘= a,l,u,v, h)}|f/(U)H

Also, Iz (A, o, 1, u,v,h) and lig(A, o, 1,u,v, h) are defined in Corollary 3.

Remark 12 If f =1, h(t) =t and n(v,u) = v — u, then the Theorem 6 reduces to the Theorem
3. This shows that the class of relative harmonic preinvex functions becomes the class of harmonic

convez functions.

s-Harmonic Preinvex Functions

Theorem 7 Assuming that f : M = [u, u+n(v,u)] C R\{0} — R is differentiable on the interior,
Me° of M where f' € Lyi[u,u + n(v,u)] for u,u+ n(v,u) € M with u < u+ n(v,u), B € (0,1] and

N a € [0,1]. If|f'|* is s-harmonic preinvez on M for p > 1 with % + i =1, we have
(@) If (aN)? <1—a<1+\a—1))7, then

W (N, By w+ (v, )| < un(v, w){u+ n(v,w) (kA o, B,u,v) + ko (A, v, B, u,v))
{(k7 (N, @, B, 0,0, 8) + Ks(A, @, By u,v,8)) | f () |
+(ko(A, 0, B, u,v, ) + Kro(A o, B,u, v, 9))| £ (v)[#}
(ks (A, o B,u,0) Fhs(N, o, 8,1, 0) 7 {(Fis (A, a, B,u, 0, 5)

+hio (A, @, B, u,0,9))| /(W) + (kir(A, a, B,u, 0, 5)

(

s\ @, B,u, v, 8))| f/(0)|#} ]
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=

() If (a7 <14 (Ma—1))7 <1—aq, then

W (N 0, B,y + (v, w)| < un(v,w){u+ n(v,u) (kA o, B, u, 01+ k2N, o, B, u,0)) 5
{(Fr(X\ 0, B,u,v, 5) + Ks(\ 0, B,u, 0, 5)) | f ()|
+(Fo (A @, B,u,0,8) + kio(A, @, B, 4,0, 8)) | (0) |}
+(ka (N, 0, 8,1, 0) T { (k13 (\, a, B, v, 5)| f ()|
+ha(h o, By, v, 8) £ (0)[)} 5],

(€) If 1—a < (a\)? <1+ (AMa—1))F, then

U5 (A 0, By, w+ (v, w))| < un(v,u){u+n(v,u)}[(ks(\, o, B,u,0))3
(A @, By, 0, )| @)]F + Fia (A, @, By, 0, 8)|f/ ()]}
+(ks(\, o, Byu,v) + ks(A, o, By u, v)) {(k15()\ a, B,u,v,s)
+his (A, . By, v, 5))| /()] + (kir(A 0, B, u,0, 5)
+Hhis(A o, B,u, v, 9))| f/ (0) [} ).

Proof. By using Lemma 2 and power mean integral inequality, Similarly to the process of (3.8)
to (3.12) and we obtain k1, ko, ks, k4, k5 and k¢. Since |f’|* be s-harmonic preinvex function on
the interval [u,u + n(v,u)] for u > 1 and s € (0,1], as ¢t € [0, 1]

f’< : uf{u +n(v,u)} ) a

t(u+n(v,u) + (1 —t)u <1 (W) + (1 =) f (v)|*

(c) (i) If (@\)? <1—aq, then

[

_ /(a,\)ﬁ M[tﬂf ( )|M + (1 . t)s|f/<v)|lt]dt
0

m
dt

 ((ufu+ (v, u)}
()

(Ar)?
1= 48 _ A s M — D5 (v) P
+/(M)B G B @ (=017 @) e

B (ax)? —(t? —a)) L= 4B a)
"[A @y t“*ﬂ%ﬁ @) tﬁ]f()

(a)\)% ( _ Oé/\) . l1—« t’B _ OéA . , ,
+ [/0 e (1-1) dt+/w)}a NUNER (1-1) dt] Lf'(v)]*
= [kr(\ e, Byu,v,8) + ks(N, @, By u, v, 8)]| £ (w) "

+[ko (A, v, B,u, v, 8) + kro(A, a, B, u, v, 8)]| f(v) M. (3.37)

where

kA7(>\,Oé,ﬂ,U,’U,S)3: 1+s

(a)\flf)HS aX(u(l4s)— (u+ca)\5)2F1[1 1+s,2+s,— CD‘)‘B])
u2(u+ca)\%)

_(a)\f%)ﬂ(u(l—i—s—kﬁ) (utcaXs) (s+B)2 F1[1,1+ 548, 24 s+, C“’\%])
1+s+8
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—a) {(L)—S(C(—Hs—ka—sa) sutc—ca)o F1[11—5,2— STt 1+0é)])

l—

kAg()\,Oé,ﬁ,U,’U,S)Z:

02(1—5)\_ (14 a)(u+c—ca)

+(om )5 (—e(— 14 8)aNb+s (k- cadP o Fy[1,1— 5,25, 70A T )))
u—&—coz/\%

1 (_(1169_5_5(—0(—1 + 5+ 6))

2(-1+s+p8) (u+c— ca)
(7252) s+ B)e 1L 1 =5 = 8,2 — s = B, ;i)
+
(-1+4 )
+(a)\ )1 s— B( CQAE£—1+S+5)) (a)\ )1 s— B(*S"_B)
U+ cal?
xQFl[Ll—s—m—s—ﬁ,—“aiﬁ])
. LNt ey )
kg(/\,a,ﬂ,uvv,s).f/o (e (u+c)t)2(1 —t)%dt
- 1-a t? — a\ .
klO(A,a,B7U7U’S)::[aA)é (’U,(l —t)—l—(u+c)t)2 (1 —t) dt
(ii) If (@\)? >1— a, then
[T (sl aa) )
0 (At)2 At

1-a _(tﬂ—a)\) - “ — D% ()|
< / = L (01 e

_ [T o, py [T 0N s )
- [ A e [ L -y
= kil()ha,ﬁ,u,?],sﬂf (u)|ﬂ+k;Q(Aaaaﬂauvvvs)|fl(v)|#' (338)

where

k{l()\a 04,67U,U, 5) =

(1—a)  [(eA(u(l+5) — s(utc—ca)a Fy[1,145,2+52510))

u?(u+c—ca) 1+s

(1- ) (14 5+ B) — (utc—ca) (s+8)2 Fi [1, 145+ 8,24 s+ 8,250
1+s+0

(1 —t)°dt

. e —(t% — a))
Fiz2(A @, 1,0, 5) '*/0 (u(l —t) + (u+o)t)?

(d) () If 1+ Ma— 1))3 <1 — a, then

/1 (= 1) Ao~ 1)
11—« (At)2

b =17 = Ma—1)]
S [7a (At)2

U 1) - M —
= L P

U8 - Aa—
[ - yaror

Fis(\, o, B, v, 8) | (W) + kra (N, o, B,u, v, 8)[ £ (0)] (3.39)

dt

I <u{u +£t(v, u)}) a

L1 (W)l* + (1 = )| f(v)[]dt
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where
. (—1)P(1 - a)*Fi[1 +5,-B,2,2 +5,1 - a, <=0
kas (A =— :
1A, B,u,v,5) u2(1 + s)
LD a) Rl +5,-8,2,2 45,1 - o, S5E)]
21+ )
1

(Eute)(—1+s)(—1+a)(utc— COé)))\(—c(—l +5)(-1+a)

X(u(-1+1-a))+e(-1+(1—-—a)’+a)) — (u+c)s(—14 )

X (u+ c—ca)o F1[1,1—s, 2—5,—%] — (utc)s(1—a)’(u+ c—ca)
c(—1 —|—a)])
. 1
((ute)(=143s)(—1+a)(utc —ca))
X(u(=1+ (1—a)®) + e(—1+ (1—a)® + @) — (u+ ¢)s(—1+a)

X2F1[17]. 75,278,

ar(—c(—1+s)(—1+ a)

X (u+ c—ca)o F1[1,1—s, 2—8,—2] — (utc)s(1—a)®(u+ c—ca)
c
u

Te(—1 —|—a)])

+(—1)5F(1 + ) (14 B)2F1[2,14 5,2+ s+ 3, —£]
w2+ s+ P)

t—1)" + 11 -a) a

(I —tu+t(u+c))?

X2F1[1,1 —872—8

1
kh(A,a,ﬂ,u,v,s) ::/ —t)°dt
-« (

(i) If 14+ (Aa—1))7 >1—a, then

/ It~ 1)?@ >A2<a ~ Dl (u{u +£t<v,u>}> "
< | :(Ma_l”é DN D gy oy e
e e - o
_ {/i:u(a—l))ﬁ (- 1)(‘1:)3(04 — 1)y

1 B
(t-1"=Ma—-1) ’
= °d w)|#
+/1+(,\(a1))3? (Ar)? ' t] |7

/1+()\(a1))é —((t=1)" = Aa—-1))

i (4,)2

(1 —t)°dt

! B
(t—1)" = XMa—1) )
= 1 —t)%d 1%
Jr/1+(/\(a1))113 (A¢)? 1-1) t} [f(v)]
= [kis(\a,B,u,0,8) + kig(A, a, B,u, v, 8)]| £ (u)]*
+Hkir(h o, 8,40, 5) + Fis(\, @, B,u,, 8)]| £/ (0)]1 (3.40)

where,

b
u?(1+s)

1

kis(A @, B,u,v,8) 1= ( a A=((a=1)N)?)"7 ( —(1—a)™*!

cla—1)

x(a((=1+a)N) PRl +5,—8,2,2+ 5,1 — q, ]
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FP (1 4+ @)N)F)P L+ (1 + a)AF) e

u

xFi[1+s,—8,2,24s,14 ((a — 1))\)%7 _c(l + ((a =1)N)7 }>

L(1-a) A(c(l—s)(l—a)s (et 25)(A—a)se Fi[L1=s,2—s 7]

"2(s-1) utc—ca utc —ca

(i) (i
e e
U+ c+ (=1 + a)\)? >)

o
1 B

- t—1)" = Ma-1)

k@)\,a,ﬂ,u,v,s ::/ 1

1o V= ) ooy d (U= u+ tu+ o)

1+ (A(a—1)F —((t — 1)5 - Ma—1))

todt

ki?(A,Q,,@,U,U,S) ::/17 ((1—t)u+t(u+c))2 (1—t)sdt
1 B
. - t-1"-Ma=1)
Fis(h, B0, 8) = /1+(>\(a1))}x (1—-thu+tlu+c))? (1—1)°dt

Where ¢ =n(v,u) . By substituting (3.9) to (3.12) and (3.37) to (3.40) in equation (3.8) gives
the required result. 0

Corollary 8 Assuming that f : M = [u,u + n(v,u)] € R\ {0} — R is differentiable on the
interior, M° of M where ' € Li[u,u + n(v,u)] for u,u+n(v,u) € M with u < u + n(v,u). If

|f'|" is s-harmonic preinvex on M for p > 1 with % + % =1, then

QWW/HMM)JC 2P —f(ii{?uin:(};ﬁ))‘

< un(v, u){u+ (v, w)}s3 (A, v) {1 (A w, 0, 8) | /(@) [# + $2(\, 1, v, 5)

<P @) + 53 O, 0) {550 1,0, 8)| £ (@) [* + $ (0 w0, 8)| (o)} ],

where
27278(%{ (1+5)I‘(2+5)2F1[1,2+5,3+s,fi])
A vs) = -
Fi[2 2,3,1 — <
So( A\ u,v,8) = 2, =, S 2 "3
. u(l+5) — (u+us+cs)2 F1[1,1 4+ 5,2 + 5, — 2]
HAwvs) = T3
27175 (=2(utc)) (utus+cs)oFi[l,145,2+s,— 5]
uc(2u + ¢) u?c(1l + s)
1 s
. _ —(t-1)(1-1) . _
Sa( N u,v,8) = /% (A= uttas C))th, where ¢ = n(v,u).

Also, s5(\, u,v) and sg(A, u,v) are defined in Corollary 4.
Proof. From (3.7), we have

T ]
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3 |_t|
(Ar)?

/\t 1\

By using power mean integral inequality , we have

< (v, 10) (e + (v, w)} [ /

f <u{u +£t(v,u)}) ‘dt

<u{u + (v, u)}) ‘dt] |

< un(v,u){u+n(v,u)}

[</o e dt>1_i </0 ehE M‘”)i
’ </ G dt>1“ < ; ()2 “dt>#]

Since | f'|* be s-harmonic preinvex function on the interval [u,uw + n(v,u)] for g > 1 and s € (0, 1],

(0 ufut ()
/ (t<u+n<v,u>>+<1—t>u>

, (ot n(v,u)
()

A

o ((wfu+n(v,u)}
( )

as t € [0,1]
m

< W+ 1= f ()

s [ 1 (ke

IN

un(v, u) {u+n(v u)}

‘t| % |t‘ s 12 _4\S /U ] %
[(0 ) (/0 @ I @l + (=071 () ]dt>
1 - :
+< |Ef 1| > ( |t ts|f e+ (1 —)° |f/(v)|“}dt> ]
— vt (o)} | /é ) / S )
’ ’ o (A2 0 (A2
-0’ . 3
[ o) ([ 2624

e :
</ G+ [ (;1)() - dt'f/(W) |

un(v, u){u + n(v, u)}[s§ N u, ) {81 (A u,y v, )| f/ (w)]* + S2 (A, u, v, 8)
x| @I + 5§ (v o) {85 v, ) /()| + Sa(h v, 9)] /()13 7],

IN

d

Theorem 8 Assuming that f : M = [u, u+n(v,u)] C R\{0} — R is differentiable on the interior,
M?° of M where ' € Li[u,u + n(v,u)] for u,u+n(v,u) € M with v < v+ n(v,u), 8 € (0,1] and

A €[0,1]. If |f'|* is s-harmonic preinvex on M for p > 1, we have

(a) If (a)\)% <l—-a<l4+MNa- 1)) then

|\Ilf()"avﬂvuau+77(vvu))| < UW(UaU){U+77(UaU)} (k19()‘7a7Bvuava7)+k20()‘>avﬂauvvaf}/))%
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<1—a>{

I -
f’(“{“ﬁ”’“”)\+|f/<v>|ﬂ}
+(k23(>\a a, 6, u, v, 7)

s+1

{irwp

+k24(>\a «, 57 u, v, ’Y))% «

1
® m
5 (u{ufﬂ(fu)}) ’ } ]

s+1

=

() If (aN)? <1+ Ma—1))7 <1—a, then

|\Ilf(>\a «, ﬁv u, U + 77(@7 u))| < 7—”7(”7 u){u+7)(v, u)} [(klg(A7 «, ﬁv U, v, ’7)+k20()‘7 «a, ﬁv U, v, 7))%

f’(““ﬂfi’””)‘ilf’(v)“} :

(1—a){ ] + (ka2 (N, a, B u,0,7))7
EYN\ B
{If’(u)l“+ 7 (“{“X?(’;’“”)‘ }
s+1
(€) If1—a < (a)N)? <1+ (ANa—1))7, then

(Wi (A e, Byu,u+n(v,u))] < un(o,u){u+n(v, u)} [(km(% o, B,1u,0,7))7

e

u 1
(e s o}

1—a
+(k23()\7 «, 6) u,v, ’7)

s+1

{irap

+k24()\7 a,ﬁ,u, vvl\/))% «

s+ 1

(s i}

where kig(\, a, B, u,v,7) to kea(N, «, B,u,v,7) are defined in Theorem 5.

Proof. By using Lemma 2 and Holder’s integral inequality, we have

Similarly to the process of (3.17) to (3.21) and we obtain kjg, koo, k21, k22, kos and kag.

11—
/0

Now similarly to the process of (3.22) to (3.23).

(c) Consider,

“w

dt
Ay

E (u{u + n(v,u)})

Using Hermite-Hadamard’s inequality for s-harmonic preinvex functions, we have

/M g (u{u + (v, u)}>

Ay
u{u+n(v,u)} ({u +n(v,u)} — —“{“:{"(”’")} ) {|f’(U{uZ}(Z,u)})|#+|f/(u + n(v,u))*

m
dt

l1—a
n(v, u) {U+n(v7u)}w s+1

11—«
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Ay —u [1FCR I g £ (0, w))
o ) st1

au+ (1= a)(u+ (v, u) —u | PG4 | (w4 (o, u))*
77(1)7“) S—|—1

A el LA L

1-a) — (3.41)

IN

Above Inequality holds for o = 1.

(d) Consider,

m
dt

1
~/1—o¢

Similarly to the process of (3.25) to (3.26).

I (u{u —&-gt(v, u)})

Using Hermite-Hadamard’s inequality for s-harmonic preinvex functions, we have

/1 ” (u{u+7_7(v,u)}> g
-«

dt
Ay
wlu+ (o) [UEE ) 1) + (gl

n(v, u) w{uin(v.u)} ]
11—«
b)) - A, | @R
- (v, u) STl
 {ut ) —ou— (- a)(ut () [P+ IFERFEED
= n(v,u) s+l
£/ ()] + | f(lpntesdy
- s+l (3.42)

Above Inequality holds for a = 0.

By substituting (3.18) to (3.21), (3.41) and (3.42) in equation (3.17) gives the required

result. O

Corollary 9 Assuming that f : M = [u,u + n(v,u)] € R\ {0} — R is differentiable on the
interior, M° of M where f' € Lifu,u+ n(v,u)] for u,u+n(v,u) € M with v < v+ n(v,u). If

|f'|* s-harmonic preinvex on M for u > 1, then

u{u-i—nv u}/wﬂvwf 2 _f(Qu{u—i-n(v,u)})‘

u+ (u+n(v, u))

< un(v,u){u+n(v,u)} (Wl(lw

)w[{S}()‘ﬂ u, v, s7u)\f/(u)\“
+3A8()‘7uava s,u)|f’(v)|“}%—|—{§9(/\,u,v, S’:u)|f/(u)|ﬂ+ 810(>\, u, v, 57M)‘f/(v)‘”}i],
where

271w 20,1 + 5,2+ 5, — 2
1+s

$r( A\ u,v, 8, 1) =
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ul T (1,2 — 2 + 5,2 — 24, uic]
(w+o)(i—2)
92—2+2u— 5(2u—|—c)1 2N2F1[]_ 2—2u+5,2—2u, 5
(w+ (=2
(u+ )72 F1[1,2 = 2+ 5,2 4 5, — <]
U+ us

275 (Qut-c) T2 Y [1,2—2u+5, 2+ 5, — o]
a u+us

U ©)2H(C V= (4 )20
sio(Aurbys ) o= ( 2?(2)1 ¥ 2(:;12()2 (2:+)s) (—2(u+ gw

(u+c)T(2 = 2u)T(1 + 5) + (u + ¢)*(2u + ¢)

2u+c
2(u+tc)

Ss(\,u,v,8, 1) =

UC]
+ (ute)

SAQ(A’ u,v, s, IU/)

T(2—2u+ 8)oFy[1 — 2u, —s,2 — 2p, ); where ¢ =n(v,u).

Proof. From (3.7), we have
u{u+nvu}/"+"<”“)f 2) . _f<2U{U+n( M)’

u+ (u+n(v,u))
|

s I <u{u+n v, u)}) it

/é|t—1 (u{u+nvu >’ ]

Since |f’|* be s-harmonic preinvex function on the interval [u, w4 n(v,u)] for > 1 and s € (0, 1],

ast € [0,1]
f,< u{u + (v, u)} >
t(u+n(v,u)) + (1 —tu
Using Holder integral inequality, we have

Mu+nvu}/””“‘ d—f(fféﬂﬁaziﬂ

lt|

SUMMUHu+nwwH[AQ(

m

<t @)+ 1 =) |f ()

m

) % 1 S| /N S| (o (s
< un(vu{u+nvu}< tdt) (0 (f_lt)Q“(t [f ()] 4+ (1 —=t)°|f (v)] )dt)

et

m

fu<>w+wl—wﬂf@nuﬁ>

1

) ([ g
1 1 1
+</ 1—t‘*dt> (/ Lt (u )\“+L ((1 )
< un(v,u){u+n(v,u)} (27+1 (y+1 > {7\ 1w, 0,8, )| () 4 S5 (A w, v, 8, )|/ (0)] )

{50 (A w, v, 8, )| f (W) + sio(N u, v, s, )] £ (0)1} 5],
|

Theorem 9 Assuming that f : M = [u, u+n(v,u)] C R\{0} — R is differentiable on the interior,
Me° of M where f' € Ly[u,u + n(v,u)] for u,u+ n(v,u) € M with u < u+ n(v,u), B € (0,1] and

N a € [0,1]. If |f'| is s-harmonic preinvex on M, we have
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(@) If (aN)F <1-a <1+ a—1)7, then

(WA o, B, u,u+n(v,u)| < un(v, u){u+nv,u)}
[{{kz(\ .3, u, v, 8)+ks(A\, B, u, 0, )}
Hk1s (A8, u, v, 8)+Eig( Mo B, 8)FH f (w))|
+{{ko(N,B,u,v, 8)+kio(N\a,B,u, v, 5)}
+H{k1r (Ao, B,u,v, 8) +as(Na,Bu0, 8) HF ()]

=

(b) If (aN)? <1+ (A(a—1))

<1-—aq, then

1WA, B, s uyu+n(v,u)| < unv, u){u+n(v, u)}
[{{kr(\, @, B,u, v, 8) + Es(\, @, B, u, v, 5)}
+h1s (N8, u,0, 8) Y f ()| +{{ko (A, B,u,0, 5)
+rio(Aa,Buw, 8)} + k(A a,B,u, 8) HF (v)]].

() If 1-a< (o&\)% < 1—|—(/\(oz—1))713, then

|\ij()‘7 ﬂ7 o, u, U+ TI(Uv u))| < WY(Ua u){u + TI(Uv u)}
[{{k15()\7 «, Bv u, v, S) + k‘16(Aa «, ﬁ7 u,v, S)}
+k;1()\,a,6,u,v, s)}|f’(u)|+{{k17()\,a,ﬁ,u,v, S)

+E1g(Ma,B,u,0, 8) Y+ k12 (A, 8,u,0, 8) H  (v)]].

where 157()\7a,5,u, v,8) to k;g()\, a, B,u,v,s) are defined in Theorem 4.

Proof. By using Lemma 2, we have

e Bt v, )] < une, a0} | [ Wz S p (e +Zt(v’u)})\dt
+/1ia |(t — 1)6(/;));(04 —1)| 7 <u{u —&—Zt(v,u)}) dt]

Since | f’| be s-harmonic preinvex function on the interval [u, u+n(v,u)] and s € (0,1], as t € [0, 1]

O ufutn(v.w)
/ <t<u+n<v,u>> .

5o )| < el a0 o)

|\I/f(/\7 aa/Ba U, u + 77(1}’ U))|

Lo |18 _ g\

< wntv.fuat} | [ E e+ - 0ol

CE-D Mo e
+/1_a (4,)? [ ()| + (L= 1)°|f (U)Hdt}

l—a 48 _ 1 _1\B o —
< un(w,w{u+ (v, w) H A O 1>|tsdtf’(v)l}

l—« |t'3_a>\| s , 1 |(t—1)ﬁ—>\(0[—1)| . /
+{/O )2 (1 —t)*dt|f'(u)| +/ ()2 (1 —t)*dt|f (U)H (3.43)

l1—a
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(@) (i) If (a))? <

and

(i) If (a\)? >

and

() (4) If 1+ (Ma—1))

and

1 — a, then

l—a 48 _
t A
/ Loy PP
0 (Ar)

(ax)? —(t? — a)) L= 48— a)
= %tsclwr/ L ——Ctsdt
/o (Ay)? (anF  (Ar)?
= k(A o, Bu,0,8) + ks(\ o, B,u,v, 5).

11—
[t? — a)
—— (1 —t)%dt
A @y Y

(Ay)? (anF  (Ar)?
= EQ(A,a,B,u,v,s)+k10()\,a,ﬁ7u,v,8).

1 — «, then

l—a 48
/ [t = ol gy
0 (A)?

l—a 4B

- / — =N ey
0 (A:)?

= k;l()\aa767uava8)'

-«
[P — a)
20 _pysar
[ ey

11—«
_ —(tF—ax)
= [ g -
= klg()\,a,,b’,u,v,s).

Wl

5 <1— «, then
/ﬂ|@—nﬁ—Ma—w%ﬁ
11—« (At)2
1 _1\8 _ _
_ / (t—1) - AMa l)tsdt
11—« (At)2
k13()‘7 «, ﬁa u,v, 8)'

/1Mn4f—xa—mu_ﬂmt

—a (Ap)?
Y A R s VP
B /1—a (At)2 (1 t) dt

- k14()\,01,,8,u,7],8)-

(i5) If 14+ (A(a—1))7 > 1 —a, then

! t—1)7 —Na-1
[t A,

—

(@NF _ (48 _ o 4B _
/ N, —t)Sdt+/ Eoodg  pysa
0

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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_ /WM”é (=1~ M- 1)

_ t°dt
—a (At)2
+/1 (="~ Ma—1)
1+(A\(a=1))F (Ar)?
= kis(\ o, B, u,v,8) 4+ kis(\, a, B,u, v, 5). (3.50)
and
1 B
(=17 = Aa—1)
- 1—1¢)%dt
v G
_ /HWQW (=D —Ma=1) )y,
j e (At)2
1 B
(t—1)" —AMa—-1) s
+/ . i (1—t)%dt
1+(A(a—1))B ¢
= kir(\ o, Byu, v, 8) + kis(\, o, By u, v, 8). (3.51)
By substituting (3.44) to (3.51) in equation (3.43) gives the required result. 0

s - Harmonic Godunova - Levin Preinvex
Functions

Theorem 10 Assuming that f : M = [u,u + n(v,u)] € R\ {0} — R is differentiable on the
interior, M° of M where f' € Ly[u,u+n(v,u)] for u,u + n(v,u) € M withu < utn(v,u), 8 € (0,1]
and A\, € [0,1]. If | f'|* is s-harmonic Godunova-Levin preinver on M for pn > 1 with % + ﬁ =1,

we have
(@) If (aN)? <1—a<1+Aa—1)7, then

(A, 0, By, u+ (v, w)| < un(v,u){u+n(v, )}k (V@ B,u,0) + ka(A, @, B,u,0)) 3
{5\, B,u,0,—5) + k(N 0, B u, 0, —5))
/@)l + (kg (X, a, B, v, =) + kg (A, o B, 1, v, —5))
/@) + (ks(A, o, 8,1, 0) + ko(A, @, B,u,v)) 7
{(ki5(\ @, B,u,0,—5) + Kig(\ a, B, 1,0, —3))| f' (u) |
+(kir (A @, By, v, =) + Kig(\ , B, 0, —9))| £/ (0)[#} ).

() If (aN)F <1+ (Ma—1)F <1—a, then

|\Ilf()\,a,ﬁ7u,u + 77(1)7“))\ < Un(vau){u + 77(1)711,)}[(/{1()\,04,57%’0) + k2()‘7a=57uvv))%
{(k;()"avﬁ7uvv7 _3) + kgo‘vavﬁﬂ‘?va —s))|f’(u)|“
Jr(k;()\,a,ﬂ,u,v,fs) +kTO(Avaaﬁauav773))|fl(v)|u}’%

+(k4(>\a «, 57 u, ’U))’Y {(kT?)()\? «, /87 u,v, _3)‘f/(u)"u
+hLa O\ @, By, v, )| f () )} 7.
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() If 1—a< (04)\)E <1 +(>\(C¥*1))%, then

95O 0, By, 4 (v, w)| < un(v, w){u +n(v,w) (ks (A, @, 8,1, 0) 7 { (k) (A, @, B, 1,0, —5)
£ + iy (A o B,u,0, =8)[ £ (0) )} + (ks (A, @, B, u, )
+k6(>‘ a,ﬁau U)) {(klf’)()‘ O‘vﬁ Uy, )+kT6()"avﬂauav7 8))

|f’(u)|“+(/€f7()\,a,ﬂ,u,v,—5)—|—k>{8(/\,a,ﬁ,u,v,—s))\f( )‘M} ]

Proof. By using Lemma 2 and power mean integral inequality,
Similarly to the process of (3.8) to (3.12) and we obtain ki, ko, ks, k4, ks and ke. Since |f'|*
be s-harmonic Godunova-Levin preinvex function on the interval [u,u + n(v,u)] for 4 > 1 and

€ (0,1], as t € [0, 1]

/ u{u+n(v,u)}
" (G £ (=)
(c) (i) If (a\)? < 1— a, then

[

(a/\)% (tﬁ_a)‘) —s " £\ s| £ "
< [ L+ = @

14

<t )+ @ =) f ()]

dt

(wfut (W} "
()

1= 48 _ o) s u S ()
+/(aw Gy @+ (=7 @) e

(ax)? —(t? — ) Lma 48 _ o)
— _ t—édt+/ . t—édt f 14
[/0 (A¢)? (anF  (Ay)? )l

(aA)% ( _a/\) . - B a\ . / )
+l/ a0 [ a0 dt]If(v)l

= [Br(\ o, Byu,v,—s) + kg(\ a, B,u, v, —s)]| f(u) |
+[k;()‘7 Q, Ba u,v, _S) + kTO()‘v Q, ﬁv U, v, —s)]\f/(v)\“. (352)

where

1
Er (N o, By u, v, —s) = (aX?)L-s ( AA(u(1—8)+5(utcaAF ) Fi[1,1—s,2— s, =CA])

ug(u—i—ca)\%) —l+s

_|_(O‘)‘%’)ﬁ(uﬁa)\%’)(*sﬂLﬁ)QFl[1,1*S+ B,2— s+
1—s4+p

(aXF ) Bu(—145—B)
1—-s+p

Es(\ o, Byu,v,—s) :=

ar  [(E)le(=1-statsa) —slutc—ca)oF [1,145,2+s, me 1Jr&)])
2(1+s) (14 a)(u+c— ca)

(AT ) (oL s)aXt —s(ukcar)o Fi[L 1ts, WW)D)

u—l—ca)\ﬁ

1 () el 45 = B)) +(ﬁ)575(8 - )
A(l+s—p) (u+c—ca) (-1+4+ )
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1+s—p3 F(_
2F1[171+8_572+8_ﬂ7 u ] (a/\ ) ( Ca)\i( 1+S+ﬂ))
c(~Ha) U+ cal?

FaAT B (s 4 B)oF1[1, 1+ 5— 8,2+ s— B, _ueAT ])

c

(@x)? —(t5 —a))

(u(l—1t)+ (u+ c)t)?
1= t? —al
an? (Wl —1) + (u+c)t)?

kSN o, B, u,v, —s) i= (1—¢t)"%dt

[0}

Elo(\ a, B u,v,—8) :=

(1—t)"%dt

J
J
(13) If (oz)\)% >1— a, then

I

B ( Oé)\) s I _ =S| p! v I
< [ e - -0l

1—a_t —al\ . , , 1—o¢_t/3_ A s , B
e e e )
= ki1 (N, Bu,v,—8)|f(w)|* + k(N a, B, u, v, —s)|f (v)|*. (3.53)

m
dt

, (u{u —i—j(u,u)})

where
ki1 (N o, B u,v,—s) = u2((11¢ : Zi 9 1 —a)adu —(1 —a)*Pu
(=14 a)adrs(utc— ca)o Fi[1,1 —5,2 — s, @])
+ s—1
(1-a) " (utc —ca)(s— B2 Fi[1,1—s +5,2—s + 4,2
—1+s-3 )

Lo —(t# — a)) s
* 1_ S
s oo —s)i= [ et

_|_

(d) (i) If 1+ (Ma—1))% <1—a, then

m

dt

, (whut (v, u)
()

IA
»—\
| —
—
~
I
—_
~—
™
I
>
—
Q
—
-

a (Ar)? ERL )+ (=)0 f (v) ] di

= (At)g t_sdt|f (’U,)|M

L t-1" = Na-1) i
+A;X T 1= W)
ki’)()‘v «, 63 u,v, 78)|f/(u)|u + kr4(>‘7 «, ﬁa u,v, 75)|f/(v)|l’«. (354)

where

(—1)P(1—a)*Fi[l —5,—3,2,2 — 5,1 — a, =10
u?(—1+s)
(-1 —a) *aFy[l —s,-f3,2,2—5,1—aq, W}
u?(—=1+s)

+;(1 . Oé))\ _C(l + S) + (U + C)SQFl [LH‘SQ—F&—%]
02(1—|—5) -

kTS(Aa «, 67 u,v, _8) =

+
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|
—+

(1—a) L (—c(s+1) (a—1) = s(utc—ca)a Fy [1,1—|—s,2+s,c(“1+a)])>

U+ c— ca

N (=DPT(1 = s)T (1 + B)2F1[2,1 — 5,2 — s+ 8, —£]
u?l(2 — s+ B)

t—1" = XNa-1)

(I-thv+tlu+c))?

1
kT4(>‘aO"67U70775)::/ ( (1 *t)isdt
11—

(i1) If 1+ (A(a—1))% >1— a, then

/1 (= 1)° = Mo~ 1)
11—« (At)2

"

dt

I (u{u +;1]t(v, u)}>

/1+<A<a1>>}3 —((t=1)" = Xa —1))

< /| Ty [0 1 ()l + (1 =€) |f (v) ) de
! (t_l)ﬁ_)‘(a_l) —s| £/ m — )78 (v)|P
T e NI I OO
L[ E? (1) za—1)
B |:/1—oc (At)2 ! dt
: (=1 = Ma=1) T
+~/1+()\(a—1))113 (Ay)? ' dt] el
DT (1) - Mam1)
*[/ @) (L)
! (=" Ma=1)
+/1+wa_1))é @y o dt]'f @l
= [k%(/\v O"ﬁ’ u, v, —S) + kTG(Avavﬁaua v, _S)Hf/(u)‘#
+E7 (N @, Byu,v — 8) + kis(\, a, B, u, v, —8)]|f/ (v)|*. (3.55)
where
-1 1

kis(A o, Byu, v, —s) = a A~ ((~14a)A)?) P ((~(-1+ o)

u?(=1+s)

=

(L4 (-1 +a)) >>-s>(— (“1+4 a)(a((—1 + a))H)?

-1+ au]

—(1—a)*a® (-1 + )N )P (1 + ((~1 +a)N)7)

—e(LH(C1Ha)N) 7\ Ma—1)
u T e2(14-5)

X (<1—a>‘1‘s(w - 82F1[1’1+5’2+8’(c(?+a))]>

1 o1+ 8)(1+ (=14 a)A)B)
) (

+((1—|—((—1—|—a))\)113 u+c+c((—1+a)\)F

xF[l1—s-8,2,2—s1—aq,

X Fi[1—5,—f,2.2— 5, 1H((- 1+ )\,

+52F1[1,1+ 5,2+ s, _c(l (it a)A)/lf)]>>
! t—1" = Xa-1)

t—odt

kig(A, «, B u,v,—s) ::/ |
10 1+(Ma=1)7 (L =Hu+t(u+c))?

: _ MO (-1 - Ma-1)
kir(d @ B,u,v, ) = /1_a (1 —t)u+ t(u+c))?

(1—t)~*dt
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B
Kis(h o, By, 0, —5) = /1 (t—1)° —Aa—1)

1—1¢)"%dt
SRR (g ey raras s EACRN)

Where ¢ =n(v,u) . By substituting (3.9) to (3.12) and (3.52) to (3.55) in equation (3.8) gives
the required result. 0

Corollary 10 Assuming that f : M = [u,u + n(v,u)] C R\ {0} — R is differentiable on the
interior, M° of M where f' € Lifu,u+ n(v,u)] for u,u+n(v,u) € M with u < v+ n(v,u). If

|f'|# be s-harmonic Godunova-Levin preinver on M for p > 1 with % + i =1, then

u{u+n (0, 1)} /“*" o) 10y, (5?&1@5?&%)‘

SUMMW@+MMMH§MuvHﬁOuv )| F ()
+5300 w0, =) [ + 57 (0w, 0) {5500, 1,0, —s)
/(@) + 5\ w0, —s)| £/ (0) [} 7]
where

2*2+s(27“« + (_1+5)F(2—8)2F1[1, 2—57 3_57_i]>

ST(/\,U,U, _S) = e u?
. F1[2,5,2,3, 3, —5=]
82()\, u, v, 73) = Su2 . 2
. u(—=1+45) — (u —us —cs)2 F1[1,1 — 5,2 — 5, — 2]
HOuv,—s) = ST 15)
271 5(=2(utc))  (—utustcs)oF1[l1-5,2—5— 5]
uc(2u+-c) u?e(=1+s)

. Y e G V) _
sy(A\ u, v, —s) .—/ ((1—t)u+t(u+c))2dt’ where ¢ =n(v,u)

Nl

Also, s5(A\ u,v) and sg(A u,v) are defined in Corollary 4.
Proof. From (3.7), we have

u{u+77 v, u)} /“*”” F&) g, <51{?u++n7§?;2)})>’

, (u{u +;1]t(v,u)}) ‘dt

,<u{u +£t(v,u)}>‘dt1 |

I
(4,2

+/1 it —1
1 (Ay)?

By using power mean integral inequality,

<uMMUHu+n®mH[AQ

< un(v,w){u+n(v,u)}

(
{(/0% (/|1tt|) dt> g (/: (/t')? “dt>“
+<@T@“ﬁ'wﬁﬁgé'ﬁwungi@1

r (u{u +}17t(v, u)})
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Since |f’|* be s-harmonic Godunova-Levin preinvex function on the interval [u,u + n(v,u)] for

w>1andse(0,1], as t € [0,1]
/ u{u+-n
(i

u~+n(v,u)) Ju

+ (1=t f ()"

K'\_'

+ (u+n(v,u))

)| =
1( 2ufu + (v, u) ))

u{u+nv u}/ww

1

< un(v,u){uﬂLn(v,U)}[(/OQ A (/ A1 >“+<1—t>—8f/<v>|ﬂ1dt>“
1, -4 1, m
+</ 'fgt)lg'dt> ( / |§;1t)12|[t3|f’(U)|“+(1—t)_5|f’(v)“]dt> ]
_ N e [ 000 )
= un(uu){um(v,u)}K/O (/L)th> (/ s [ dtf(v)|>
T _ % 1 _ 4 —5 1y 4\~ le
+</ ((i—lt)gl)dt> (/ Gparwr+ [ =t dt|f’<v>|“>]
< unv )+ 0w} sg (o) st o, —5) F @ + 5500w, ~9)l7 ()}

1
+S(¥ (>‘v u, U){‘S;O" u, v, _S)If (u)|H + 54()‘7 a,b, —s)|f’(v)|“}%‘].
|
Theorem 11 Assuming that f : M = [u,u + n(v,u)] € R\ {0} — R is differentiable on the

interior, M° of M where ' € Ly[u, u+n(v,w)] foru,u+n(v,u) € M withu < u+n(v,u), S € (0,1]

and A\, € [0,1]. If | f'|* is s-harmonic Godunova-Levin preinvex on M for p > 1, we have

=

(@) If (aN)F <1—a<1+(Aa—1))7, then

|\I/f()‘7 «, Bv u, U + 77(1)7 U))| < UU(Ua u){u+77(v’ u)}[(k19(A7 «, ﬂa u,v, 7)+k20()‘7 «, ﬂa u, v, 7))%

<1a>{

! (u{u+n(v u)}) ‘i|f/(v)|”} ’

1—g (k23(A,OZ,ﬂ,U,U7’}/)

y (stepteany ")

1—s

{irwp

|-

+k‘24(Aa a, ﬁ7 u,v, 7))% «

(b) If (oz/\)% <14+ Ma-— 1))% <1-—a, then

|\Ilf()‘7 a, 53 U, u + 77(Ua U))| S UU(”: U){U+77(U, u)} l(klg(A7 «, ﬁa u, v, ’V)+k20()‘7 «, ﬁ7 u, v, 7))%

G—M{

 (2teptet) e}
1-s
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:

7 (u{uAti(ZM)} )

1—s

{irwp

+ (koo (A, o, By u, v 'y))%

L 4 Ek

() If 1-a< (aA)B <14 (Ma— 1)) then

2

IWA%%&uw+n@wD|<UMMMM+W@wHkbNNm@ummD

-

1
m

(2t e
1-s

+<k23<)\5 «, 67 u,v, ,7)

y (stepteany'}

1—s

{irrap

+k24()\,a,57u7v77))% «Q

T S

where kig(\, a, B, u,v,7y) to kea(A, a, B,u,v,v) are defined in Theorem 5.

Proof. By using Lemma 2 and Hoélder’s integral inequality, we have

Similarly to the process of (3.17) to (3.21) and we obtain kg, koo, ko1, ko2, ko3 and kay.

e’
/0

Now similarly to the process of (3.22) to (3.23).

(c) Consider,

m
dt

r (u{u +;17t(v, u)})

Using Hermite-Hadamard’s inequality for s-harmonic Godunova-Levin preinvex functions,

/H # (u{u + n<v,u)}) »

Ay

wfut pv,w)} [t n(v,u)} - =t
I N O

l1—a

| (b | £ (4 (0, w)) |
1—s

dt

Ay o —u | 1Ry | 0 (0, )
n(v, u) 1-s

au+ (1= a)(u+ n(v,u) —u | PR | (w+ (v, u))*
n(v,u) s

| (el | ()
(1-a) [ ]

IA

- (3.56)

Above Inequality holds for a = 1.

(d) Consider,
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Similarly to the process of (3.25) to (3.26).

Using Hermite-Hadamard’s inequality for s-harmonic Godunova Levin preinvex functions,

then
/1 f,(u{u—l—n(uu)}) Mdt
l—o At
ORI i et W L ACOLat A G v L
n(v,u) w{utn(v,u)} 1—s

l1—a

(o, u)} — Ay o | [F@)] [ (gt e
n(v, u) 1—s

fut (o)} — ou— (1 — a)(u+n(v,w) | /@) + 17 (RFE
77(%“) 1—s

[ @l | (e

- 1—s

(3.57)

Above Inequality holds for a = 0.

By substituting (3.18) to (3.21), (3.56) and (3.57) in equation (3.17) gives the required

result. 0

Corollary 11 Assuming that f : M = [u,u + n(v,u)] C R\ {0} — R is differentiable on the
interior, M° of M where " € Li[u,u + n(v,u)] for u,u+n(v,u) € M with u < v+ n(v,u). If

|f'|# s s-harmonic Godunova-Levin preinvez on M for u > 1, then

u{u+n (v,u)} /“+7’(U " L ~f ( 2U{?+n(?7u)§))‘
u+ (v +n(v,u

< un(v, u){u +n(v,u)} (M) '

[s;()‘vuava —S»M)\f/(u)\“ + 3§(>\»va7 _37M)|f/(v)|u}%‘
+{$3(>\,U,’U, _Sv,u)|f/(u)|# + STO(Aaua v, —57H)|f/(v)‘“}i]

where

5;()\7%717—5»/1) = u_QM( U) 1+5B[ i?l_sal_zu’]
ul =29 (1,2 — 2 — 5,2 — 24,

(u+c)(1—2u)

27 2T 2 4 €)1 TG (1,2 — 20 — 5,22, ot

uic]

s\ u,v,—s,p) =

+ 2(uto)
(ut ol - 2n)
+o) 1,2 -2 — 5,2 — 5, — £
st(\u,b,—s, 1) = (u+c) 2 F1 n—s s u]
U —us
272 (24 ) TG I [1,2 — 2 — 5,25, — 5]
u— us
u+ )7 u+ec
STO(A7u7b7_Svﬂ) = ( 2) (u+C) ( ) (_2(U+E)2N

2e(=14+2p)T(2 — 2u — s) 2
(u+c)T(2 = 2u)T(1 — 8) + (u + ¢)**(2u + ¢)
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2
T(2—2u—8)oFi[l — 2, 8,2 — 2y, 2(37::__2)]), where ¢ =n(v,u).

Proof. From (3.7), we have

u{u+mu}/“+”(” 16, f<2“{zt+n< ,u>})>’
u + v,u
|

I <u{U+n v, u)}) it

(u{u+nvu} ’ ]

< un(v,w){u + (o, )} [ | ol

|t—1
1

2

Since |f’|" be s-harmonic Godunova-Levin preinvex function on the interval [u,u + n(v,u)] for
w>1andse(0,1], as t € [0,1]

’ u{u+n(v,u)}
! <t(u +n(v,u)) + (1 — t)u)

m

<t W)+ A=) 70 ()

Using Holder’s integral inequality, we have

sl [T IG, ()

o) s+ (o)) ( I ﬂdt) ( | o+ a- t)‘slf’(v)l”)dt>

<
" < / - tmt>i ( / 1 oy I (1~ t)slf’(v)“)dty

< un(v, wfutn(e,u)} ( / iw)i ( [ e [ : (Ujg;sdtlf’(v)l“y
+ < J - twty ( / e / 1 “(At)?fdﬂf’(v)w) i

< un(v,U){wn(MU)}(M>$[{S’$(A,u,v,s,u)lf/(U)I”HE(A’u,v,s,u)f’(v)l’“‘}i

F{ss O w0, —s, W (W)|* + 850 (A, v, —s, )| f/(0) [} ]
O

Theorem 12 Assuming that f : M = [u,u + n(v,u)] C R\ {0} — R is differentiable on the
interior , M° of M where ' € Li[u,u+n(v,u)] foru,u + n(v,u) € M withu < u+n(v,u), 5 € (0,1]

and A\, € [0,1]. If | f'| is s-harmonic Godunova-Levin preinvex on M, we have
(@) If (aN)F <1-a <1+ a—1)7, then

(WA a, B u,u+n(v,u)| < unv, u){u+n(v,u)}
{{k7 (M a.B,uv,—s) +hg (Ao, B,u0,—5)}
+{kTs 0. B u,0,—9) + kiAo, B,u,0,—9) }H ' (u)]
+H{{ks (N, B,u,0,—5) + kT (Ao, B,u,0, —s)}
H{ki7 M. Bu, =9+ o, B,u,0,—9) (V)]
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=

() If (aN)? <1+ Ma—1))7 <1—a, then

W (A, By, u,u+n(v,w)| < un(v,u){u+n(v,u)}
{{Fr (A, B,u, v, —s) + ks (A, v, B, u,0, —5)}
+his e B,u0,— ) H' (w) | +{{ks V0. B,u.0,—5)
Hilo e, B,u,0, =9} + kg (Ao B0, =9} (v)]].

() If 1—a < (a)N)F <1+ Aa—1))7, then

W (A By e, u, utn(v,w))] < un(v, u){u +n(v, u)}
{{kTs N a8 uv,—8) + kg a,B,u,0,—9)}
+ET v B,u0, =9 (w) - {{ET (v aByu,0,—9)
+hig o Bu0,—5)} + ko oy Byuv, =9} f(v)]].

where X\, B,u,0,—3) to kig\a,B,u,0,—s) are defined in Theorem 10.

Proof. By using Lemma 2, we have

1—a 18 _
O Bt ()] < uno o+t wp [ [ 1A (At g
0 (A:) Ay
1 _1\8 _ _
N RS G| Py TR RO

-« (At)2 At
Since |f’| be s-harmonic Godunova-Levin preinvex function on the interval [u,u 4+ n(v,u)] and
s € (0,1],as t € [0,1]
f ( ufu +n(v,u)} )

tu+n(v,u)) + (1= t)u

Wy (Ao, B,u,u + (v, )]

<t If ()] + (1 =) 71 (v)]

-« ﬁ_a
< et} | [ STl - gl
e’ Ma 0l o
L s s NIACIRAIE If(v)l]dt]
-« B—Oé
< et} [{ [ e w)

-0 = MNa-1)|,_,
+/17a t dt|f(v)|}

hE
-« B_a
H{ [ a0
1 ~ 1~ ANa—
wf b A U'(l—t)‘sdtlf’(v)IH (358)

(a) () If (a))? <1 —a, then

l—a 48 _
/ 1+ - O;)\lt_sdt
0 (At)




69 3.2.

Main Results

(an)7 —(tP —a)) Iz B )
= st +/ P
/0 (Ar)? @n?  (Ar)?

= kAo Buv,—s)+ki(\ a,B,u,v,—s).

and

1—
P — a)| _
— (1 —¢t)"%dt
/0 Gy Y

1

(3.59)

(NP (48 _ ) - 4B _ o)\
= / M(lft)*dwr/ 22— car
0 (

(A)? anF  (Ar)?
= k;()\,a,ﬂ,u,v,—s) +kf0()\,a,ﬂ,u,v,—s).

(ii) If (a\)® > 1 — a, then

l—a 45
/ [t7 —aX, s,
0 (Ay)?

l—a 4B _
= / Mt_sdt
0 (Ar)?
= k(N o, B,u,v,—s)

and

11—«
t8 — a)| _
— (1 —¢t)"%dt
/o e Y

1—
_ a_(tﬁ_a)‘) _ 4\—s
= [ g
= k(N o, B8,u,v,—s).

@l

(b) () 1+ (Aa—1))7 <1-—a, then

[l D = Ma-1l, .,

. (A,
O -1 A1),
= / aye "

= kis(\ o, B8,u,v,—s)

and

/1 |(t_1)ﬁ_>\(a_1)|(l—t)7sdt

- (At)z
1 _1\B o —
_ / (t D(At)é( D s

El O\ a, B u,v,—8).

(i) If 1+ (\(@ — 1))¥ > 1 — o, then

Le-1" = Ma-1),_,
[—a (At)2 ! dt

B /1+(A<a—1>)ﬂ —((t=1)" = XNa — 1) 4= gt
1

—a (Ar)?

+/1 (-1’ —Ma=1) .
1+(,\(a—1))% (Ar)?

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)
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= kis(\ o, B,u,v,—s) + kig(\ o, B,u, v, —s) (3.65)
and
1 -1 B _ —1
[ el
11—« (At)
1
1+ (A (a—1))8 -1 B _ -1
- (R YC) P
11—« (At)
1 -1 B _ -1
+/ ) i );(O‘ J(1— 0t
1+(A(a=1))B (At)
= k(N o, B,u,v,—s) + kis(\, a, B,u,v, —s). (3.66)
By substituting (3.59) to (3.66) in equation (3.58) gives the required result. d

Harmonic P-preinvex Functions

Theorem 13 Assuming that f : M = [u,u + n(v,u)] € R\ {0} — R is differentiable on the
interior, M° of M where ' € Li[u,u+n(v,u)] for u,u + n(v,u) € M withu < u+n(v,u), 8 € (0,1]
and A\, € [0,1]. If | f'|* is harmonic P-preinvex on M for u > 1 with % + i =1, we have

(a) If (a)\)% <l-ac< 1—|—(/\(oz—1))71’, then

|\Iff()\,oz,ﬂ,u,u + n(vvu))| < un(v5 U){U + n(vvu)}[(kl(Aa «, ﬂau7v)+ kQ()‘a O‘767uvv))%
<{(k3* (A, 0, B, 0, 0K (A, @, B, v, 0)) [ (w) |+ |/ (0) ]}

+(k5(Aa aaﬁ7 ’LL,U) + kG(Aa a, 67 U,’U))W {(kTI(Aa a, ﬁa U,’U,O)

SO\ @, 80,0, 0) [ F (W) + | £ (v) 1]} #].
() If (aN)? <1+ (Ma—1))7 <1—a, then

|\I/f(/\a a, Ba U, U+ 77(% U))| < W?(Ua u){u + 77(”» u)}[(kl()‘v a, Ba u, U) + kQ()‘v «, ﬁa u, ’l}))%
*{ (k3" (A, 8, 1, v, Ok (A, B,y v, 0)) | f () [P | (0) ]} 7
+(ka (A @, By, ) 7 {(Ri5 O\ @, By, v, 0)[| £ (w) [+ £ (0)[“]} ]

() If 1—a< (oz/\)% < 1—|—(/\(oz—1))71*, then

10N @, By u,u+ n(v,0))| < un(o,u){u+n(v, ) (ks (A, B,u,0))7 {k5* (A, @, B,u,v,0)
[IF @)+ /@)1 + (ks(A, a, B,u, v)+ks(A, a, B,u,0))7
s { (k35 (B, u, v, 01 k3 (M, B, w, v, 0) (| (w) [P+ £ (0)[*]} #].

Proof. By using Lemma 2 and power mean integral inequality,
Similarly to the process of (3.8) to (3.12) and we obtain k1, ko, k3, ks, ks and ke. Since |f'|'* be
harmonic P-preinvex function on the interval [u, u + n(v,u)] for p € (1,00) , as t € [0, 1]

O ufutn(v,u)
/ (t<u+n<v,u>> T —t)u)

/

<@l +1f )"
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(c) (i) If (a\)® < 1— a, then

/1a [t8 — a)|
0 (Ar)?

(ak)% —(tB _ a)\) ) ) / )
[ 2w+ o

m
dt

r (u{u +;1]t(v, u)})

IN

e b o, i '\
+[ O ey () e

aX) B (At)Q
B (a0 —(t? —al) 1= 4f _a , ,
-—[A [ | W g
= B0, 0) 4 O B 0 OIS @+ P @I (67

where

—a\7 (14 B)((aAF)? — a))
w(u + car® (1 + B))

+(QA%)B+%U+CQA%)52FHU1lﬁBQ*#1*9%§é]
u?(u + caA® (1+08))
(c(1— )P +uad) (1— )Pt BaFi[1,1+ 4,2 + 8, ==

k;8 (/\,oz,ﬁ,u,v,O) = UC(U+C—C(I) - U2(1 +ﬁ)

k3 (A, a, B, u,v,0) 1=

1
(c(aA? )8 + uad) . (AF) BB P [1,1 + 8,2 + 8, — L2 l)]

uc(u—i—ca)\%) u?(1+B)
(ii) If (a\)® >1— a, then
e gt — |, (ufut (e, w} |
L G f( A, )dt
e 7(t6 — Oé)\) / m 4 m
< A S+ 17 )
e _(tﬁ_a)‘) M i
< [ Al wp 1 p
— k5 (e, By, v, O/ (w)] + | (0)]1): (3.68)

where

" _(Cl4a)((1-a)f —aN)  (1-a)BR[L 1482+ 8 455
]{?9 ()\,a,ﬁ,U,U,O) = U(U*I*C*CO[) - U2(1+ﬂ)

(d) (i) If 1+ (A(@—1))7 <1—a, then

-1~ Ma=DI| , (u{utna)}) [
v e G |
L= M@ Dl
< [ S wr e
= KO B v O )+ 1 (o)) (369

where

kio(As @, B, u,v,0):= /1_a (T =t)u+t(u+c))?
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(i) If 1+ (Ma—1))7 >1— a, then

/1|Q—DB—Ma—U
11—« (At)2

/1+(>\(o¢1))ﬂ —((t _ 1)/3 _ )\(Oé _ 1))
11—«

1
+

dt

, (et o, wh\ |
()

IN

A2 1 @) + | (0)[]dt

(t—l)ﬁ—/\(a—l) . _
/1—4—()\((1_1));13 (A,)2 (1 (" + [ f (v)]#]dt
(KO0 By, 0,0) + K53 O B 0 O ()l + £GP, (3:70)

where

- ._ 1+(>\(a—1))% —((t— 1)5 —Ma-1))
hA%%BWW””_[ﬂI (= Duttlur e

1 B
t—1)° —Ma—1
k3O B 0,0)i= [ =D Mao))
1+ a—1)? (1 =tu+t(u+c))
Where ¢ = n(u,v). By substituting (3.9) to (3.12) and (3.67) to (3.70) in equation (3.8)

gives the required result. 0

Corollary 12 Assuming that f : M = [u,u + n(v,u)] € R\ {0} — R is differentiable on the
interior, M° of M where " € Ly[u,u+n(v,u)] for u,u+n(v,u) € M with u < u+n(v,u) If | f'|*
is harmonic P-preinvex on M for p > 1 with % + %L =1, then

u{u+77 v,u)} /UM(M d —f (51{1&1”7;?;2)}))'

=

< un(v,u){u+ (v, W)} {55001, 0) + 5600w, 0)} (1 @)+ /@))%
where s5(\, u,v) and sg(A, u,v) are defined in Corollary 4.
Proof. From (3.7), we have

Mu+nvu}/““w ‘f(2M?+m(m%N
u+ n(v, u)

< un(v, u){u +n(v,u)} [/02 (;|_1tt|)2 f! <U{u+77 v, U)})‘dt
Gl (et

By power mean integral inequality, we have

< eneorenoon () ([l (2252
A A [ TR R A A
([ dt) Gl ( )[4 ]

A
Since |f’|* be harmonic P-preinvex function on the interval [u,u + n(v,u)] for p € (1,00), as

€01
! I < u{u + (v, u)} > !
t(u+n(v,uw) + (1 —t)u

1
Iz I
dt>

< |F @)+ 1 )"
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wfu+n(v,u)} [oEnEw f ( 2u{u + n(v, u) )’
SET I d _
n(v,u) /u / + (u+ (v, u)
1- 1

un(ayfut ) [ [ a) (A i ar )
Ve ) L)

+</ L ) ( 't “+|f(>|ﬂ]dt>“]
¢ Ty o [F o "
i un(v’u){uﬂ(v’u)}[(/o <At>2dt> </ G | iy <”)>

IN

17(t71) ; 17(7571) / w 1*(15*1) / w -
+</ ()2 dt> / () dt|f* (u)] +A ()2 dtf(v)) ]

) b+ 1
= un(v,u){wn(v,u)}[ / (}*th> (F @l + 17 @)

+</; —((i_h—)zl)dt)m 1+ 17 ]

I8 (Att)th> (F @l + 1 @)

1 1
+ (/ f})zl)dt> (£ )+ | ) )ﬂ]

= un(v,u){u+n(v,u)} [
[

= un(v,u){u+n(v,u)} [

—(t—l) " 4 L ()2
()2 dt) (F @) + 17 (0)]") ]

(A4, 0) + s6(A,u v)}(|f’(u)|"'+ P @]

IA

un(v,u){u + n(v,u)}
]

Theorem 14 Assuming that f : M = [u,u + n(v,u)] € R\ {0} — R is differentiable on the
interior, M° of M where f' € Ly[u,u+n(v,u)] for u,u + n(v,u) € M withu < utn(v,u), 8 € (0,1]
and X\, € [0,1]. If | f'|* is harmonic P-preinvex on M for p > 1, we have

(@) If (NP <1-a <1+ \a—1)7, then

2=

V(N a,B,u,u+n(v,u) < un(v,uw){utn(v, u)}[(lﬁg()\7 a, Byu,v,7)+kao (A, o, B, u,v,7))

ocoflr(5)

- HEP P G faso)
iEyet
(oS (a{ 1

: (u{u+n<v,u>}> m

Alfoz
|\ij(>‘> «a, Bv U, u =+ 77(7)7 u))| S ’U,?](’U, ’U,){’U,+ 77('07 u)}|:(k19(>‘7 a, ﬁa U, v, 7)+k20(>\7 Q, 6> U, v, 7))%

X((l - { (W) u+|f’(v)l”}>i

Aa
+(ka2 (N, Buv,y) o (oc{lf’(uﬂ“+ / (W)

|~

(b) If (aN)? <1+ (Aa—1))% <1 —a, then

Ll
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(€) If1—a < (a)N)? <1+ (A a—1)7, then

|WAxm@mu+m%mnSumumm+n@w»hmmxm@mmwﬁ

oo |

(u{u;nvu )}'Hf })“ (o (M, Bott07)
11—«
+bd&m@%uwﬁ@@fww%

ey

Alfoz

where k19(\, a, B,u,v,7) to kaa(\, a, B,u,v,7) are defined in Theorem 5.
Proof. By using Lemma 2 and Holder’s integral inequality, we have

Similarly to the process of (3.17) to (3.21) and we obtain kg, koo, ko1, ko2, ko3 and kay.

e’
A

Now similarly to the process of (3.22) to (3.23).

(¢) Consider,

m
dt

r <u{u +£t(v, u)}>

Using Hermite-Hadamard’s inequality for harmonic P-preinvex functions, then we have

/H g (u{u + (v, u)}) g

dt
Ay

< um+n@mn(m+mwm»—“ﬁﬂﬁm>

- n(v,w) {u+ (v, )yttt
(A o e

- Al“‘“[f(“ﬂ+”““ )| #1716+ awar]

< (a [|r (MY P ] (3.7

Above Inequality holds for a = 1.

(d) Consider,

m
dt

1
/1—a

Similarly to the process of (3.25) to (3.26).

I (u{u —&-gl)t(v, u)})

Using Hermite-Hadamard’s inequality for harmonic P-preinvex functions, we have

/1 E (u{u + (v, u)}) g

dt
A
ufutn(v.u)}
u{u +n(v,u)} M. U
< el | AR

(u{uz n(v, )}>

(v, w) q

Ao

_ {U+77(U,5)1}L—A17a TOr u{u+177v u
] {m(qu’)})au(ga)(w(v(@) {A au> ](u{umu ]
n(v,u) A,




75 3.2. Main Results

< a [|f'<u>|“ <y

<u{u + (v, u)})

T T (3.72)

Above Inequality holds for a = 0.

Where ¢ = n(u,v) . By substituting (3.18) to (3.21), (3.71) and (3.72) in equation (3.17) gives
the required result. ]

Corollary 13 Assuming that f : M = [u,u + n(v,u)] € R\ {0} — R is differentiable on the
interior, M° of M where f' € Li[u,u + n(v,u)] for u,u+n(v,u) € M with u < u + n(v,u). If

|f'|* is harmonic P-preinvex on M for p > 1, then

u{u+17v u}/u+nv“

g (e )|

< un(v,w){u+n(v,u)} (27+1(17_,_1)) '

{87 (A w0, 0, 1) + 85" (A w0, 0, )} (| ()| + | £/ (0)|9)]
where

1
u(2u + ¢)
1

5 = —————— wh = .
Sg ()\,U,’U,O,[L) (u—l—c)(2u+c)’ where ¢ 77(1)7”)

SN, 0,0,1) 1=

Proof. From (3.7), we have

u{u+n v,u)} /W7 o Z(—) f(ii{?jﬁéauﬁ)ﬂ

,(u{u +}17t(v,u)}> ‘dt

I (u{u +}17t(v7 u)}) ’dt}

Al

< un(v, w){u+n(v,u)} {/o (4,)2

- 1)
+/; (A,

Since |f|* be harmonic P-preinvex function on the interval [u,u + n(v,u)] for p € (1,00), as

e0,1
! I < u{u + (v, u)} > "
t(u+n(v,u) + (1 —1t)u

Using Holder integral inequality, we have

sl a(0} /“*" 1y, f(ii{?ﬂnﬁvuﬁﬂ‘

< | @)l + 1 )"

1

2 5 1 , L ) w
I8 “”) ( gz (S @I+ 17 @) )dt>

1
Ldt|f'(v)]" )

IN

un(v,u){u + n(v,u)}

+</111t7dt> (
v % 1 ! M :

= u(vu{u—l—nvu}(/otdt) (0 (At)%dt'f()' —|—/O (A,

, 1 ., (I /Uuﬁ

+</ 1 dt) (/ el + | (At)mdtlf()>

w

\

()" + £ (w)]* )dt>

® =




76 3.2. Main Results

<
< unv,wu + (.0} (WWH)

{577 (A @,b,0, ) + 53" (A, a,b,0, 1)} (| £ ()| + | (0) )]
0

Theorem 15 Assuming that f : M = [u,u + n(v,u)] C R\ {0} — R is differentiable on the
interior, M° of M where [’ € Ly[u, u+n(v,u)] foru,u + n(v,u) € M withu < u+n(v,u), 8 € (0,1]

and A\, o € [0,1]. If | f'| is harmonic P-preinvex on M, we have
(a) If (a)\)% <l—a<1l+Ma- 1))%, then

1WA a, B, u,u+n(v,u)] < un(v, u){utn(v,u) }{{k7"(A o, B, u,0,04kg™(A, o, B,u,v,0)}
HETO a, B, u,v,0)+ k15 (N o, B,u,v, 00} R (W) [+ (0) )]

=

() If (aN)? <1+ Ma—1))7 <1—a, then

W (A B, ayu, w4 n(v, w))| < unv, w){utn(o, w) }{{EZ (A @, B, u,0,04+k3™ (X, , B, u,0,0)}
+EIG (A @, By w0, 0) (I ()| + [/ (0)])]-

ol

() If 1—a< (oz)\)ﬁ <14 (Ma—1))7, then

(W5 (A, 85 e u, w4 (v, w)| < un(v, w){u + (v, w)} kg™ (A @, B, u,0,0) + {ki7 (A, @, 8,0, 0,0)
RT3 (A 0, B, 0,0, 0) (| (w)] + [f (v))]-

where k3*(\, «, B,u,v,0) to k35 (N a, B,u,v,0) are defined in Theorem 13.

Proof. By using Lemma 2, we have

e Bt v, )] < uno, a0} | [ |’f‘z S p (e T’u)})\dt
N / = 1)@; ;(a — |, (u{u m@,@}) dt]

Since |f’| be harmonic P-preinvex function on the interval [u, u + (v, u)] for t € [0,1]

' u{u+n(v,u)}
! (t(u +n(v,u)) + (1 —

5 )| < i+ o)

|\I/f()\7a7ﬁau7u+n(vﬁu))|

11—« B _ a
wn(v,u) {4 (v, u)} [ / 't( o A7)+ 1 () e

P =M= Dl
+/1,a (A,)? (If ()| +|f (v)|)dt]

l—a 4B _ o 1 o B _ a —
(e, wh{e i) H/o L A 1>|}

<(1f" ()] + [ ()] (3.73)

IN

IN




it 3.2. Main Results

(a) (i) If (a\)?

IN

1 — a, then

o 48 _
/ |t - a)\\dt
0 (Ar)?

1
@7 _ (18 — ax 1= 4B _ g\
= / (_72(1)dt+/ Ot
0 (At) (anF  (Ar)
k(A o, B, u,v,0) + k3" (N, «, B,u,v,0) (3.74)

(ii) If (a))? > 1 — a, then

l—a 418 _
/ ¢ - oz/\|dt
0 (A¢)?

B I—a —(tB —al)
- / aye "

kg™ (A o, B,u,v,0) (3.75)

=

(b) (i) 1+ Ma—1))% <1-—q, then

=17 = Aa—1)
/ e

-1 = Na-1)

B /1 (Ay)? a

= ki a,pB,u,v,0) (3.76)

—Q

=

(i7) 14+ (Ma—1))% >1— a, then

=17 = Ma - 1)
/1 e "

—x

_ /“WQ—W —((t=1D"—Na=1)
B 11—« (At)2
1 -1 B8 _ —1
Y ) My,
1+(A(a—1))8 (At)
= KT\ a,Bu,0,0) + k5N, B, u,v,0) (3.77)

By substituting (3.74) to (3.77) in equation (3.73) gives the required result. |
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